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Abstract

In real-world, when any physical data is measured by an acquisition system, the resulting

signal may not be equivalent to the original signal. For example, when an object is pho-

tographed, the actual input image is convolved with the camera’s point spread function (PSF)

and Gaussian noise is added. The problem of obtaining the original data from the output data

is called inverse problems, and these can be solved with a Bayesian approach and proximal

algorithms for signals in the Euclidean domain. In this thesis, these problems are generalized

to manifolds which are irregular Euclidean domains. Two methods are proposed for this pur-

pose. The first one is the tangent plane projection, which allows the discretization of manifold

signals in a Euclidean domain from an intrinsic point of view, and the other one is the use of

graph signals, which allows a better modeling of the geometric structure from an extrinsic

perspective. In this thesis, for the second solution, the theory of graph signal processing is first

studied. As a result, graph differential and convolution operators are obtained and integrated

into the formulation of inverse problems of graph signals. Then computational aspects of

these methods are discussed and Pycsou-GSP is developed as an extension of Pycsou to graph

signal processing, where Pycsou is a Python package for the state-of-the-art proximal algo-

rithms. Faster solutions are proposed for graph differential and graph convolution operators

in Pycsou-GSP with the use of Numba package. Then, the complete system is used for an

application in astronomy. Celestial sphere is chosen as the manifold and HEALPix pixelisation

is applied for spherical data. Two proposed solutions are tested and compared for a synthetic

data created by ground truth signal. As a result, the graph-based solution gives better results

and it is also tested for real-world manifold signal, where Wisconsin H-Alpha Mapper (WHAM)

signal is chosen. From the results, the discretization of manifold signals with graph signals and

the graph-based solution of linear inverse problems for manifolds are shown to give stronger

predictions.

Key words: linear inverse problems, Bayesian solution, proximal algorithms, generalized

LASSO problem, manifolds, tangent plane projection, graph signal processing, calculus on

graph signals, development of Pycsou-GSP, HEALPix graphs
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Résumé

Dans le monde réel, lorsqu’une donnée physique est mesurée par un système d’acquisi-

tion, le signal résultant peut ne pas être équivalent au signal original. Par exemple, lorsqu’un

objet est photographié, l’image d’entrée réelle est convoluée avec la fonction d’étalement

des points de l’appareil photo et un bruit gaussien est ajouté. Le problème de l’obtention des

données d’origine à partir des données de sortie est appelé problème inverse. Il peut être

résolu par une approche bayésienne et des algorithmes proximaux pour les signaux dans le

domaine euclidien. Dans cette thèse, ces problèmes sont généralisés aux manifolds qui sont

des domaines euclidiens irréguliers. Deux méthodes sont proposées à cette fin. La première

est la projection du plan tangent, qui permet la discrétisation des signaux de manifolds dans

un domaine euclidien d’un point de vue intrinsèque, et l’autre est l’utilisation de signaux de

graphes, qui permet une meilleure modélisation de la structure géométrique d’un point de vue

extrinsèque. Dans cette thèse, pour la deuxième solution, la théorie du traitement des signaux

de graphe est d’abord étudiée. En conséquence, des opérateurs différentiels et de convolution

de graphes sont obtenus et intégrés dans la formulation de problèmes inverses de signaux de

graphes. Ensuite, les aspects informatiques de ces méthodes sont discutés et Pycsou-GSP est

développé comme une extension de Pycsou au traitement des signaux de graphe, où Pycsou

est un paquetage Python pour les algorithmes proximaux de l’état de l’art. Des solutions plus

rapides sont proposées pour les opérateurs différentiels et de convolution de graphes dans

Pycsou-GSP avec l’utilisation du paquetage Numba. Le système complet est ensuite utilisé

pour une application en astronomie. La sphère céleste est choisie comme collecteur et la

pixellisation HEALPix est appliquée aux données sphériques. Les deux solutions proposées

sont testées et comparées pour des données synthétiques créées à partir d’un signal de vérité

au sol. La solution basée sur les graphes donne de meilleurs résultats et elle est également

testée pour le signal du collecteur du monde réel, où le signal du Wisconsin H-Alpha Mapper

(WHAM) est choisi. Les résultats montrent que la discrétisation des signaux de collecteurs

à l’aide de signaux graphiques et la solution basée sur les graphes des problèmes linéaires

inverses pour les collecteurs donnent de meilleures prédictions.

Mots clefs : problèmes linéaires inverses, solution bayésienne, algorithmes proximaux, pro-

blème LASSO généralisé, manifolds, projection du plan tangent, traitement des signaux de

graphes, calcul sur les signaux de graphes, développement de Pycsou-GSP, graphes HEALPix
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1 Introduction

In real life, many problems can be solved with mathematical modeling. Many features and

results can be extracted from any data with certain modeling. The field of signal processing

can propose many problems in this regard. One of the most basic application areas is the

effort to access the real data of any output data that we measure or observe. For example,

when we take a picture of an object with a digital camera, we cannot get the real image exactly

due to certain filtering characteristic of the camera we have, and we get a noisy signal. The

effort to mathematically model the digital camera and predict the real signal from the output

signal that we obtain is actually an example of inverse problem solving. In this problem, the

signal is a 2D image signal and we can describe it in Euclidean space.

In this way, we can apply many existing solution methods in the literature for linear inverse

problems in the Euclidean domain. In general, this method is ill-posed. A Bayesian approach

can be adopted to solve this problem. In this approach, the relationship between the original

and the acquired signals is modeled probabilistically. In this model, many assumptions can be

made that can be used in real practice. In general, the real signal is modeled by filtering it with

a linear system and adding noise. Then we try to maximize the posterior probability, which

gives the probability of the input signal when we have the output signal. This probability

is obtained by Bayes’ theorem from the likelihood function that forms the fitting term and

the apriori probability function of the input signal that forms the regularization term. Thus,

the maximum aposterior probability problem becomes an optimization problem where we

estimate the true signal.

Different problems can be obtained with different apriori information and noise models.

These problems can also be solved by proximal algorithms for signals in the Euclidean domain.

This solution requires discretization of continuous signals. However, such problems do not

only apply to signals in the Euclidean domain. Some signals can be defined in more complex

domains. For example, any geometric object can be represented by two-dimensional surfaces.

For example, a human body, a spherical model of the world or an organ can be represented

by such surfaces. Manifolds that are locally in the Euclidean domain but not globally in

the Euclidean domain can be used to represent such data. One can define manifold signals

1
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with signals defined on these structures. In order to apply inverse problems to such signals,

discretization is required and this cannot be done with a classical sampling method. Therefore,

this thesis proposes two different discretization methods for manifolds. First, a traditional

method, the projection method, can be used. Here, any point on the manifold is chosen

and the projection method is applied on the Euclidean space at that point. In this method,

manifolds are treated from an intrinsic point of view and the manifold structure is ignored.

As a result, a signal is obtained in Euclidean space and the solution of this signal for inverse

problems is done as mentioned. Finally, the estimated signal is interpolated again and the

original manifold signal is estimated. The second method, and the main one proposed in this

thesis, is the representation of manifolds by graphs. Graphs are simply a set of nodes and

edges and have the potential to enable extrinsic modeling of manifolds.

The second method, and the main one proposed in this thesis, is the representation of mani-

folds by graphs. Graphs are simply a set of nodes and edges and have the potential to model

manifolds both extrinsically and intrinsically. This again results in graph signals that are not in

the Euclidean domain. In this case, inverse problems need to be redefined for graph signals.

At this point in the project, a graph signal processing method needs to be investigated and

studied. This requires the study of graph theory and the mathematical definition of graph

signals. Here, Hilbert fields and the associated inner product and norm metrics are defined

for graph signals. On top of these definitions, calculus methods for graph signals are studied.

Differential operators such as gradient divergence and Laplacian Hessian are defined. The

gradient operator can be particularly useful for first order differencing. This feature can help

to define smoothness metrics and different metrics can be defined. The Laplacian operator

plays an important role in providing a spectrum description for graphical signals. Just like in

classical signal processing, eigenfunctions form a basis for graphical signals and the analysis

operator of this basis defines the graphical Fourier transform. Eigenvalues represent the

concept of frequency, allowing the spectrum to be analyzed in a different domain for graphical

signals. On top of this, many general operators defined in classical signal processing such as

shifting, convolution, dilation, modulation are defined for graphic signals. In particular, it is

not possible to define a change such as shifting in the vertex domain of graphic signals. This

definition can be used in graphic signal processing by using the equivalents in the frequency

domain of classical signal processing. As a consequence, graph convolution is defined as the

product of input and filter signals in the graph spectral domain. Similarly, graph filtering is

also specified using the definition of graph convolution. Thus, low-pass filters with effects

such as blurring and downsampling can be applied with this definition. As a result, graph

filtering can be used directly for modeling inverse problems. In Generalized LASSO and Gener-

alized Tikhonov, the norm of the difference operator of the signal is taken in the regularization

function. For graph signals, this operator can be preferred as graph gradient. Thus, this inverse

problem is formulated in a discrete form and can be solved with similar proximal algorithms.

In order to implement the proposed graph signal processing method, it is necessary to analyze

these methods computationally and implement them in a computer environment. Although

there are specific libraries designed for this purpose, such as Pygsp, in order to use the Pycsou

2
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library rich in proximal algorithms, it is necessary to develop a separate library suitable for

this environment. Therefore, in this project, a library called Pycsou-GSP is developed as an

extension of Pycsou for graphical signal processing. It basically implements the visualization

of graphical signals and is heavily inspired by pygsp. The main center of this package is the

differential and convolution operators. The main strategy in developing these modules is to

implement them as a Pycsou.abc.operator.LinOp class, which is both fast and in line with the

principles of Pycsou version 2. In order to provide the fastest solution, the jit compilation of

the Numba package is used. This method optimizes the Python language’s code switching,

allowing code with for loops to run faster. Thus, this method is used in gradient, divergence

and Laplacian and is shown to be faster than the sparse matrix multiplication used in Pygsp.

For convolution, the spectral filtering method is found to be computationally expensive and

the Chebyshev approximation method is applied. This also provides a fast implementation

of graph filtering. The integration of these methods into Pycsou’s LinOp class also takes into

account the fact that Pycsou is module agnostic and precision agnostic for Cupy, Dask.Array

and Numpy. This results in a library that is practically ready for graphical signal processing

solutions.

In order to bring all these solutions together and test them, an application in astronomy is

chosen. Here the data of the celestial map obtained by telescopes on Earth is used. The

data is considered to be obtained from the surface of an imaginary sphere enclosing the

earth. Here the manifold represents the surface of this celestial sphere. Thus, the manifold

signal is measured by passing the manifold signal through the point spread function of the

telescope and the signal is measured in a noisy way. To obtain the graphic signal, the HEALPix

algorithm for pixelization of spheres is used. The two methods proposed here as solutions

to the inverse problem are tested and the results are compared. As a result, we can see that

the graphical signal processing method gives better results. In particular, it is concluded that

graphical signals are much more suitable for modeling the geometric structure of manifolds

than tangent plane projection.

In this thesis, there are 6 chapters in total, including an introduction. First, in chapter 2, linear

inverse problems are studied on manifolds. Here we describe the data model of this problem

in Euclidean space, its formulation, the Bayesian approach solution, the resulting optimization

problem and how this problem can be solved by proximal algorithms. Then manifolds are

defined and the mathematical properties of manifold signals are discussed. Then the inverse

problems are reformulated in manifold signals and two solutions are proposed: tangent plane

projection method and graph signal processing method. To explore the details of the second

solution, the theory of graph signal processing is studied in Chapter 3. First, graph theory

and graph signals are defined. Then calculus methods for graph signals are defined and the

graph spectral domain is studied. Inspired by classical signal processing, classical operators

such as shifting, dilation, modulation and convolution are generalized to graph signals. As

a result, graph filtering is defined and the integration of methods for the reformulation of

inverse problems is explained. Thus, the computational aspects of graph signal processing are

described in Chapter 5 for the implementation of this method in a computer environment.
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First, specific difficulties in the implementation are listed. Then the proposed methods for

graph differential and convolution operators are studied and compared with other methods.

Finally, the development of a Python package called Pycsou-GSP is described. The overall

structure of the package, the integration of the differential and convolution operators and

the resulting package’s features, usage, limitations and future work are discussed. Then, in

chapter 5, all the proposed methods are tested with an application in astronomy. First, the

application is described and HEALPix, the graph generation method for the application, is

explained. Then the graph-based solution is tested with real data. Finally, the results are

discussed and compared with the tangent plane projection method on synthetic data. Finally,

the conclusion of the thesis is made in Chapter 6.
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2 Linear Inverse Problems on Manifolds

Inverse problems deal with the recovery of the input signal from measured output data

through a noisy acquisition system. An example is an imaging system where the input is

the actual image of the captured object and the output is the noisy image. Traditionally,

such signals are defined in the Euclidean domain and there are many solution techniques

in the literature [1]–[4] for the inverse problems in Euclidean spaces. However, such signals

can be more appropriately modeled by a non-Euclidean domain such as a manifold. In this

case, the problem must also be solved for manifold signals that are defined in irregular non-

Euclidean domain. Therefore, this chapter explores how to adapt linear inverse problem

techniques for manifolds. First of all, techniques for the problem in Euclidean spaces are

presented such as the formulation of signal modeling, reformulation into an optimisation

problem by Bayesian approach and the computational solution by proximal algorithms. Then,

mathematical description of manifold signals are given along with a discussion of why they are

useful for better modeling. Using this, linear inverse problems are redefined for such signals.

Finally, two different methods for solving inverse problems on manifolds are proposed. The

first one is the traditional solution of projection of signals into Euclidean space by ignoring the

structure of the manifold, while the second one offers sampling of manifold by graph, which

results in the main proposal of the thesis, which requires further analysis in the following

chapters.

2.1 Linear Inverse Problems on Euclidean Spaces

Recovery of the input causal signals from a set of noisy measured output data is the focus of

an inverse problem. In order to investigate the problem in a general manner, the unknown

input signal to be estimated is denoted as f and assumed to be continuous in Euclidean space,

L 2(R). Also, it is assumed that there are M number of measurements for the sensed data,

which can be denoted as y ∈RM .

The Bayesian approach, which models the whole system in a probabilistic manner, can be

utilized to solve this problem as explained by Dashti et al in their article [5] and Stuart in his
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book [6] in detail. With this method, the noisy measurements from the sensing device are

assumed to be the outcomes of the random variable Y :Ω→RM . As stated by Simeoni’s lecture

notes [1], the mean of this random variable E[Y] is to be approximated by its one-sample

empirical estimate y: E[Y] = y. Let the sensing noise be denoted as n : Ω→ RM , the model

becomes as follows

Y = y+n (2.1)

Another assumption for the problem is that the measurements are unbiased and linear. To

model the acquisition system of the sensing device, a linear operator denoted as H is proposed:

y = H f . This operator can be seen as an analysis operator associated to some basis {φi }M
i =1:

H :

L 2(Rd ) →RM

f 7→
[
< f ,φ1 > . . . < f ,φM >

]T (2.2)

where the details about analysis and synthesis operators with basis definitions can be seen

in [7]. Here Φ could be one of the sampling functionals in real-world problems. As Simeoni

proposes in his lecture notes [1], some of the candidates are spatial sampling, subsampling,

Fourier/Radon sampling, filtering, mean-pooling and so on.

From all of the assumptions, the complete model is as follows

Y = H f +n

E[Y] = H f
(2.3)

Based on this Bayesian approach, the linear inverse problems attempt to estimate the original

input signal f from y = H f . The depiction of this problem can be seen in Figure 2.1.

Figure 2.1: Block diagram of linear inverse problem for continuous domain.

Discretisation of the Problem:

In Figure 2.1, the signal to be estimated is continuous, which makes the solution impossible

with a feasible iterative algorithm, i.e. a computational solution in a computer environment
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with limited storage space. Therefore, as proposed by Gupta, Fageot and Unser in their article

[8], the traditional solution is to discretize the problem by representing the input continuous

signal in discrete space. For this purpose, the pixelisation is introduced as a natural candidate,

which is a linear operator that can be denoted as Φ∗ as stated in the lecture notes of Simeoni

[1]. This can be seen as an analysis operator associated to some other basis denoted as {ϕi }N
i =1

as the details can be seen in [7]. In order to obtain the continuous signal again, the adjoint

of the operator Φ can be applied as an interpolation as stated in [1], which has the following

definition:

Φ :

RM →L 2(Rd )

α 7→∑N
i =1αiϕi

(2.4)

Then, the main problem becomes as follows

Y = H f +n = HΦα+n = Gα+n (2.5)

Here, the signal to be estimated denoted as α is discrete and the whole system is depicted in

Figure 2.2. The input continuous signal can be obtained again by using the synthesis operator

Φ as stated in [1].

Figure 2.2: Block diagram of discretised linear inverse problem.

In general, the problem y = Gα is ill-posed as proposed by Simeoni [1], Hansen [9]. As discussed

by Simeoni [1], first of all, the problem may have no solution in case G is not surjective, which

results in the data vector y not to belong to the range space of G . Secondly, more than one

solution may exist in case G is not injective. This is possible when the null space of G is not

equal to the set of null vector. Finally, the solutions may be numerically unstable. For surjective

G, the minimal norm solution to y = Gα results in virtually unbounded reconstruction map. In

this situation, small changes have a significant impact on the solution.

Because of the ill-posed characteristic of the problem, Bayesian approach is proposed for the

system as described in Equation 2.5 and Figure 2.2, which is proposed by [6] as well. In this

approach, some prior information for the noise n and input discrete signalα from Equation 2.5

are suggested. These are probability distribution functions of noise pn(y) and input signal p(α)
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and choices of these functions are listed in Table 2.1 and 2.2. Having this model, conditional

probability distribution function of the input discrete signal given output signal, in other

words a posteriori probability, denoted as p(α|y), is attempted to be maximized for the optimal

estimation of the input signal. This is called as Maximum A Posteriori Probability (MAP)

estimation and explained in detail by Pishro-Nik [10] in detail. The formulation is as follows

α⋆ = arg max
α∈RN

p(α|y) ≡ arg max
α∈RN

p(y|α).p(α)

≡ arg min
α∈RN

− log p(y|α)− log p(α)
(2.6)

Here, Bayes’ theorem, p(α|y) = p(y|α)p(α)/p(y), is applied for the derivation as done in [5]

and [6] as well. As stated in the article [11] of Vidal et al, MAP estimation can be seen as

a regularization of maximum likelihood estimation, where log p(y|α) is called as likelihood

function and log p(α) is related to the regularization of the input signal as presented. Then,

this problem can be denoted by the following minimisation problem in general:

α⋆ = arg min
α∈RN

F (y,Gα)+λR(α) (2.7)

where F : RN ×RN → R+∪ {0} is data fidelity or cost term, while R : RN → R+∪ {0} is regular-

ization term and λ is called as regularization constant. The latter is related to penalizing the

solution that is far away from the output signal. The optimal choice of the cost functional

is dependent on the apriori knowledge on the noise and the corresponding results can be

seen in Table 2.1. On the other hand, the former term is related to favoring the parsimonous

solution, which can be interpreted as applying Occam’s razor principle. This is related to the

choice of simplest one until further evidence is presented as explained in [12]. Some of the

most common examples of regularizing functions explained in [1], [9] are listed in Table 2.2.

Table 2.1: Choice of cost functional based on noise modeling.

Noise Type Noise PDF Cost Functional, F (y,Gx)

Noiseless pn(y) = 0 ı(y−Gx) =

{
0, if y = Gx

∞, o.w.

Gaussian Noise pn(y) = 1p
2πσ2

exp
(− 1

2σ2 yT y
) ||y−Gx||22

Laplacian Noise pn(y) = 1
2σ exp

(
− |x|

σ

)
||y−Gα||1

Example - Generalised LASSO Problem:

As explained by Ali et al in their article [13], in generalised LASSO problem, the noise n from

the model described in Equation 2.5 is Gaussian from Table 2.1. Then, from (y|α) ∼N (Gα;σ),

the likelihood function p(y|α) can be determined. The regularization type is total variation

from Table 2.2, which comes from the Laplacian a priori probability with a difference operator
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Table 2.2: Choice of regularising functional based on a priori knowledge where D is a finite
difference operator.

Regularization Type Apriori Information Regularising Functional, R(α)

Tikhonov pα(α) ∝ exp
(−||α||22) ||α||2

Generalised Tikhonov pα(α) ∝ exp
(−||Dα||22) ||Dα||2

ℓ1 pα(α) ∝ exp(−||α||1) ||α||1
Total Variation pα(α) ∝ exp(−||Dα||1) ||Dα||1

D. Then, the maximum a posteriori probability (MAP) problem results in as follows

arg max
α∈RN

p(α|y) ≡ arg max
α∈RN

p(y |α)p(α)

≡ arg min
α∈RN

− log(p(y |α))− log(p(α))

≡ arg min
α∈RN

− ln(exp
(
(y−Gα)T (y−Gα))

)
)− ln(exp(−||Dα||1))

≡ arg min
α∈RN

||y−Gα||22 +λ||Dα||1

(2.8)

where the result has the same form as Equation 2.7.

Example - Tikhonov Problem:

Similar approach is applied to define this type of problem as presented in [1]. Here, the noise

n is Gaussian from Table 2.1 and the regularisation type is also generalised Tikhonov from

Table 2.2, which is led by Gaussian a priori information. Following the similar steps, MAP

problem results in as follows

arg min
α∈RN

||y−Gα||22 +λ||α||22 (2.9)

Solution of the Optimisation Problem:

As stated by Simeoni’s lecture notes [1], most of the optimisation problems from linear inverse

systems have the following form in practice

arg min
α∈RN

F (α)+G(α)+H(Kα) (2.10)

under the assumption that F is convex and differentiable functional with β-Lipschitz con-

tinuous gradient, G and H are two proper, lower semicontinuous and convex functions with

simple proximal operators and K is a linear operator. All of these assumptions enable the

existence and unicity of the solution with an iterative algorithm from the mathematical proofs

presented in [1].

Under the given assumption, the minimisation of G(α) with respect to α can be solved ef-

ficiently by proximal minimisation algorithm as proposed by [1]. This is because G(α) can
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be represented by simple proximal operator, which is explicitly formulated as proxτ,G (x) =

argminα∈RN G(α)+ 1
2τ ||α−x||22 as in [2]. This proximal operator gives the solution of argminα∈RN G(α)

when input of the proximal operator is equal to α and this is achieved by iteratively updating

the estimated signal as αn = proxτ,G (αn−1), where n is the iteration index and τ is related to

convergence rate. This is what is done in proximal minimisation. On the other hand, gradient

descent is a better method for minimising differentiable functions like F (α) with respect to

α as stated by Chong [14]. In this algorithm, the estimated function is iteratively updated by

αn =αn−1−τ∇F (xn−1), where ∇ is gradient operator and τ is convergence rate. When it’s com-

pared to proximal minimisation, gradient descent can handle a wide range of differentiable

functions, whereas proximal minimisation specializes in handling non-smooth functions.

Accelerated Proximal Gradient Descent (APGD) is the combination of these two strategies with

the inclusion of Nesterov acceleration as explained in detail by Li et al [15]. This algorithm

provides a solution of the problem argminα∈RN F (α)+G(α). The algorithm can be seen in

Algorithm 1.

Algorithm 1 Accelerated Proximal Gradient Descent.

Require: τ, σ, α0 = z0

for all n ≥ 1 do
zn ← proxτ,G (αn−1 −τ∇F (αn−1) ▷ Proximal Minimisation + Gradient Descent
αn ← zn + n−1

n+σ (zn − zn−1) ▷ Nesterov Acceleration Part
end for
return {αn}N

n=1

APGD is suitable for solving Tikhonov and LASSO problem, where F (α) = ||y−Gα||22 and

G(α) =λ||α||2 or G(α) =λ||α||1. For LASSO, by obtaining ∇F (α) = GT (Gα−y) and proxλ||.||1 (α) =

softλ(α), this yields Fast Iterative Soft Thresholding Algorithm (FISTA) as presented by Beck et

al [3].

The optimisation problem in Equation 2.10 cannot be solved by APGD. To solve this, the

problem is converted into a saddle point problem, which is argminα∈RN maxz∈RM F (α)+G(α)−
H∗(z)+ zT Kα, where H∗ is Fenchel conjugate of H , where the definitions of saddle-point

problem can be seen in [16]. The definition and properties of Fenchel conjugate can be seen

in the article [17] by Bergmann et al. It’s seen that the saddle point problem can be achieved

by variable splitting method and addition of Lagrange multipliers as suggested by [1]. As a

result, this problem can be divided into the iterative solution of two variables α and z and

Proximal Gradient Descent algorithm is suitable for the update of these parameters. Then,

with the choice of momentum term ρ > 0, the update for the next iteration are controlled. The

overall algorithm is called as Primal Dual Splitting (PDS) and from Condat’s analysis [18], the

formulation is given in Algorithm 2.

PDS is suitable for generalised Tikhonov and generalised LASSO problem, where F (α) =

||y − Gα||22, G(α) = 0 and H(α) = ||α||2 or H(α) = ||α||1 with K = D which is the difference
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operator.

Algorithm 2 Primal Dual Splitting Algorithm.

Require: τ, σ, ρ, α0, z0

for all n ≥ 1 do
α̃n ← proxτ,G (αn−1 −τ∇F (αn−1)−τK∗zn−1 ▷ PGD for argminα∈RN F (α)+G(α)−zT Kα
z̃n ← proxσ,H∗(zn−1 +σK[2α̃n −αn−1]) ▷ PGD for argmaxz∈RM zT Kα−H∗(z)
αn ← ρα̃n + (1−ρ)αn−1 ▷ Momentum for the Update
zn ← ρz̃n + (1−ρ)zn−1 ▷ Momentum for the Update

end for
return {αn}N

n=1

2.2 Linear Inverse Problems on Manifolds

In this section, an attempt is made to solve linear inverse problems to manifolds, a useful

mathematical object for representing geometric structural data. The main issue arises from the

fact that the manifolds lie in the non-Euclidean domain. Therefore, we first give mathematical

definitions of manifolds and manifold signals. Then, different methods for the linear inverse

problem on manifolds are proposed for this thesis.

2.2.1 What are Manifolds?

A manifold is a topological space that is locally Euclidean near each point, while being globally

non-Euclidean. This phenomena can be understood simply by the example on spherical

surface modeling of Earth. For the perspective of a human staying on the surface of Earth,

the planet seems to be planar, which is Euclidean. However, it has spherical structure from

the perspective of a human in the space, that makes it globally non-Euclidean. A few simple

examples of 2D manifolds as a surface of 3D objects like sphere, toroid and Klein bottle can be

seen in Figure 2.3.

(a) Sphere. (b) Toroid. (c) Klein bottle.

Figure 2.3: Different examples of simple 2D manifolds for the surface of 3D geometric object.
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Mathematically, a manifold is d-dimensional where each point on the manifold has a neighbor-

hood that is topologically equivalent to d-dimensional Euclidean space as stated by Bronstein

et al in their article [19]. Such spaces are called as tangent space, which can be denoted as

TxX . In Figure 2.4, two tangent spaces of two different points on 2D manifold can be seen.

The infinite set of tangent spaces of each points on the manifold is called as tangent bundle,

which can be denoted as T X .

Figure 2.4: Example of 2D manifold with two different tangent spaces.

In the article [19] by Bronstein et al, on each tangent space, an inner product < ., . >: TxX ×
TxX → R is defined and called as Riemannian metric. A manifold with this metric is also

called as Riemannian manifold as stated by Chavel in his book [20]. This type of manifold can

be realized as a subset of a Euclidean space. According to the Nash embedding theorem stated

in [21], any sufficiently smooth Riemannian manifold can be represented in an appropriately

large-dimensional Euclidean space. As an example of an embedding, 3D geometric objects

can be modeled by 2D manifolds, which are embedded in 3D Euclidean space. Such manifolds

are frequently used in computer graphics and computer vision for a variety of applications. In

this thesis, we mostly focus on such 2D manifolds that represent the surface of 3D geometric

object.

The embeddings of the manifold by Euclidean spaces do not need to be unique. Different

realizations of the same Riemannian metric are called as isometries as defined in Bronstein et

al article [19]. Related to that concept, there are two specific types of properties for manifolds,

which are intrinsic and extrinsic, as stated by do Carmo et al’s book [22]. The former is the

properties that do not change the isometries of the manifold, i.e. the Riemannian metrics

such as curvature, geodesics and topology. The latter is related to the specific realization of

the manifold in the Euclidean space, which facilitates visualization, analysis and computation.

Intrinsic and extrinsic analyses offer complementary insights into the geometry of a manifold.

Neglecting either analysis can result in an incomplete understanding of the manifold’s geome-

try as stated by Bhattacharya et al [23]. As an example, neglecting the extrinsic analysis can

result in flawed embeddings and visualizations, potentially distorting the manifold’s struc-

ture, on the other hand, erroneous characterizations of shape is led by ignoring the intrinsic

analysis.
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2.2.2 Manifold Signals

A continuous signal can be defined on the points of manifolds as well. Let f : X →R denote

the manifold signal. It should be noted that the signal is not defined in Euclidean domain,

while it has Euclidean tangent space for each point. Another type of function for manifolds is

tangent vector field F : X → T X that attaches tangent vectors to each point: F (x) ∈ TxX . The

Hilbert spaces of these two functions can be defined as H (X ) and H (T X ) as presented by

Bronstein et al’s article [19].

The inner product of H (X ) can also be defined as

< f , g >H (X )=
∫
X

f (x)g (x)d x (2.11)

and the inner product of H (T X ) can be defined as

< F,G >H (T X )=
∫
X

< F (x)G(x) >TxX d x (2.12)

The definitions of Hilbert spaces and signals provide the generalizations of calculus methods.

The difference operators such as gradient, divergence, Laplacian as given in Appendix A.1

for the classical calculus can be attempted to be defined for the manifolds. However, it’s

problematic to do so due to the continuous non-Euclidean nature of the manifolds. According

to Bronstein et al’s article [19], the intrinsic gradient denoted as ∇ : H (X ) → H (T X ) and

intrinsic divergence div : H (T X ) →H (X ) can be defined, which are the operators defined in

the direction of tangent spaces. Based on these, Laplacian L : H (X ) →H (X ) is also defined

as the intrinsic divergence of the intrinsic gradient. Thus, it’s also completely based on the

intrinsic properties of the manifold. In the article, a differential operator d f : T X →R from

both extrinsic and intrinsic point of view is defined as follows

d f (x)F (x) =<∇ f (x),F (x) >TxX (2.13)

Even though this equation 2.13 is coordinate-free, the choice of basis functions of each tangent

space is required. For a general manifold, it’s very problematic to define infinitely many bases

for each different tangent spaces unless very specific type of manifolds are given.

2.2.3 Problem Definition

After the definition of manifolds, linear inverse problems for manifold signals can be studied.

Let us denote this type of signal as f : X → R. As explained in Section 2.1 and shown in

Equation 2.3, the data model is Y = H f +n. Then, discretization of this problem should be

applied to propose an iterative solution. Sampling functions are defined with some basis for

the continuous signal in Euclidean space, which results in Equation 2.5 as stated by Simeoni

[1]. However, it’s problematic to define the basis of the analysis operators for the manifolds.

For example, for the pixelisation operator, there are no well-defined pixel grids for a generic
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manifold. In addition, the difference operators are also problematic to be defined canonically

as explained in the previous section. For example, the generalised regularisation cannot be

applied for manifolds as it requires the difference operator. Therefore, this problem cannot be

directly solved by manifolds systematically and it requires the discretisation of the continuous

manifold signal.

To discretise the manifold signal for the linear inverse problems, two different solutions are

proposed and explained in the next section. The first one is the traditional approach, while

the second one constitutes the main proposal of this thesis.

2.2.4 Proposed Solutions

Solution By Tangent Space Projection

The manifold signal is projected into a tangent space of a chosen point on the manifold as

presented in Boumal [24]. For example, 2D manifold for the surface of a 3D object can be

projected into 2D Euclidean space. Tangent plane of a chosen point on the surface can be

chosen as such Euclidean space. Given the projection operator as P : X → TxX , the resulted

signal is denoted as fp = P f . This operation is illustrated in Figure 2.5 for Earth manifold

signal as an example.

Figure 2.5: Example of tangent plane projection of earth manifold signal.

Here, the obtained continuous signal fp in Euclidean space is suitable for the model depicted

in Figure 2.2. Then, a sampling functional denoted as Φ∗ needs to be chosen to discretise the

continuous signal as explained in Section 2.1. The discrete signal to be estimated becomes

α = Φ∗ fp . Then, the problem results in a discretised linear inverse problem on Euclidean

space, which can be solved by the methods explained in Section 2.1.

Main problem of this method is that the continuous manifold is handled only by an intrinsic

point of view. This perspective is resulted by looking at the signal on single tangent space. This

approach neglects the extrinsic analysis of the model, which results in the deformations of the

manifold’s structure. Thus, it is expected to have undesired noisy fluctuations in the signal

estimated by this method.
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Solution By Graph Signal Processing

In order to handle the problem on the continuous manifolds by including the extrinsic per-

spective, some form of direct sampling is needed for such data types. According to Bronstein et

al’s article [19], the graphs are useful candidate for modeling the manifold in discrete domain.

In a very basic definition, the graphs are set of pair of vertices and edges. Here, the vertices

can be attributed to the point cloud of the manifold, which can be obtained by pixelisation

of the manifold. Then, the edges can be created by either by triangular meshing or k nearest

neighbor (kNN) algorithm.

In triangular meshing, the surface is divided into a collection of finite number of triangles

that cover the entire surface, where vertices and edges of triangles correspond to those of the

constructed graph as explained by Botsch et al [25]. On the other hand, for kNN algorithm,

k closest points of each vertex are chosen according to the distance in coordinate space for

creating edges as proposed by Kang [26]. When it comes to extrinsic analysis of a manifold,

a graph created by triangular meshing is generally better suited due to its explicit surface

representation, ability to analyze surface geometry and perform surface-based operations,

and its compatibility with visualization techniques. On the other hand, a kNN graph primarily

captures the local relationships and intrinsic properties of the manifold, without explicit

reference to its embedding.

Then, the edge weights of the graphs can be decided to correctly model the complex structure

of manifolds according to some measurements related to the distance metrics. The results of

the whole operation graphs whose edges created by triangular meshing and kNN algorithm

are illustrated in Figure 2.6. In Figure 2.6b, the point cloud of continuous manifold is seen

which directly represents the vertices of graph and in Figure 2.6c and 2.6d, we can see the

edges generated on top of this point cloud by triangular meshing and kNN algorithm.

The careful definition and analysis of graph signals are essential to adapt the optimisation

problem formulated in Equation 2.7 for signals on graph data. This leads to the need to define

Hilbert spaces, inner products, differential operators, smoothness measurements, spectral

analysis, generalized operators etc. of the signals in the graph setting. For this purpose, the

theory of graph signal processing is studied in detail in the next chapter.

15
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(a) Continuous Stanford
bunny manifold.

(b) Point cloud of Stanford bunny.

(c) Stanford bunny graph by triangular meshing. (d) kNN Stanford bunny graph with k = 8.

Figure 2.6: Discretisation of continuous manifold: obtaining the point clouds and graphs
whose edges created by triangular meshing and kNN method of continuous Stanford bunny
manifold.
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3 Theory of Graph Signal Processing

Graph signal processing is a field in which classical signal processing methods developed in

the Euclidean domain are generalised to non-Euclidean irregular domains such as graphs.

To adapt the signal processing concepts to the graph setting, a mathematical description of

graph theory is essential. In addition, graph signals need to be defined for further analysis and

processing. In this chapter, some real-world examples of graphs and graph signals and the

proposed methods for construction are presented with discussions regarding the theoretical

aspects. Then, the calculus methods for finite weighted undirected graphs are studied by

proposing differential operators and smoothness functionals for graph signals. Based on this,

the graph Fourier transform is described using the graph spectral theory. Then, generalizations

of useful operators such as convolution, shift, modulation and dilation to graphs are given

using the duality relationship between the spectrum and space domain in classical signal

processing. The filtering operation is also defined based on graph convolution and basic

properties of the graph filtering are discussed. Finally, the theoretical integration of graph

signal processing methods, explained in this chapter, to inverse problems on manifolds are

given.

3.1 Graph Theory

A graph is defined as the set of ordered pair of vertices and edges. Let the graph be denoted as

G = (V ,E ), where

• V is the set of vertices. For the simplicity of the notation, the size of the vertex space is

chosen as |V | = N . Therefore, the set of vertices can be denoted as V = {vi }N
i =1.

• E is the set of edges, which are pairs of connected vertices. The dimension of this set is

chosen as |E | = Ne . It should be noted that E ⊆ V ×V .

As explained by Diestel [27], any graph can be encoded by graph weight adjacency matrix, W =

{wi j } ∈RN×N . Each element of this matrix, wi j represents the weight of the edge ei j = (vi , v j ).
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Thus, the set of edges can be defined mathematically as E = {(vi , v j )|(vi , v j ) ∈ V ×V , wi j ̸= 0}.

An example for graph weight adjacency matrix can be seen in Figure 3.1. Here, each column

and row encodes the specific vertices in the order of {v1, ..., v5}.

(a) Topology of the graph. (b) Weight adjacency matrix of the
graph.

Figure 3.1: Different representations of a simple undirected graph.

There are different types of graphs, which are listed as below:

• Directed and Undirected Graphs: If any edge has a direction, in other words wi j ̸= w j i ,

the graph is said to be directed. Otherwise, it’s called undirected with the symmetric

weight adjacency matrix W.

• Weighted and Unweighted Graphs: If all of the elements of weight adjacency matrix

W of the graph is either 0 or 1, the graph is called as unweighted. Otherwise, it is called

weighted, where the edge weights can be any nonnegative real number without the

symmetry in the matrix.

• Null Graph: If there is no edge in the graph, it’s called null.

• Connected and Disconnected Graphs: If there is a path between any two vertices, the

graph is connected. Otherwise, it’s disconnected.

• Complete Graph: Each pair of the vertices is connected by an edge for the complete

graph.

• Bi-partite Graph: There are two independent sets which contain the set of vertices,

where the vertices of the graph is connected in such a way that each edge has a connec-

tion from the first set to the second set.

The graphs can be used for various purposes that require different types of graphs. One of the

common applications of graphs are network analysis such as social networks, transportation

networks, computer networks, etc. Analysing the connectivity of such networks, identifying

the key nodes and the flow of information are a few case studies of this field as explained by

Bondy et al [28]. Another application is the data analysis, where clustering, classification and
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anomaly detection are a few examples. The graphs can also be very useful for recommendation

systems, to represent structured knowledge and biological modeling as well. Particularly, the

neurons in the brain can be modeled by the graphs very suitably according to Huang et al’s

article [29]. In this thesis, the graphs are used for extrinsic modeling of the manifolds in a

discrete way for solving the inverse problem where the motivation behind it is explained in

Section 2.2.4. Here, the finite-weighted undirected graphs are chosen as the most suitable

graph type for this problem. For the rest of the thesis, only this type of graphs is studied and

analyzed. A very basic example of this graph type can be seen in Figure 3.1. However, more

complicated shape for real-world signal can be seen in Figure 3.3d, which is generated from

the continuous manifold. In Section 2.2.4, Figure 2.6 also shows another visuals for graph

generation of the same problem. It can be seen that there is no direction in the edges, which

makes the weight adjacency matrix symmetric. In addition, since there is no self-loop on

vertices, the diagonal elements are equal to 0.

Some examples of different types of graph data can be seen in Figure 3.2. In classical signal

processing, data domain consists of a set of equidistant instants in time or a set of points in

space on a regular grid. This data domain is regular and Euclidean and this structure is called

as path graph as seen in Figure 3.2a. For the analysis of finite-length signals, ring graph is

more suitable as the structure. For example, discrete Fourier transform (DFT) in classical

signal processing assumes the data domain as a ring which is illustrated in Figure 3.2b. The

examples of bipartite and complete graphs are also given in Figure 3.2c and 3.2d, respectively.

More sophisticated graph types as grid 2D and Minnesota road graphs are given in Figure

3.2e and 3.2f. Here, grid 2D graph is similar to the 2D signal in 2D Euclidan domain but the

edge weights may differ to model the distances between vertices better. On the other hand,

Minnesota graph is more like a direct graph representation of the road network and it doesn’t

have any similarity with any kind of Euclidean spaces.

The graphs are useful mathematical objects to model the real-world data. In order to model

the data in an appropriate way, there is a generic graph construction method that consists of

three main steps as proposed by Ortega [30]:

1. Generation of Nodes with Node Coordinates A graph vertices can be constructed from

a set of points. Some of the examples can be listed as the Twitter users being the vertices

and the coordinates are the location of the users, the cities or the places as the vertices

and the geographical locations of the cities as the coordinates or the neurons in the

brain as the vertices and the location of them in the brain region as the coordinates. The

second example is an example of pixelisation in 2D manifold that models 3D geometric

structure.

2. Finding the Structures (Edges) Choice of the edges is essential to model the relation

of the data points, vertices to each other. Edges shape the graph structure. Useful

technique for that is to connect a vertex to its k-nearest neighbors, which is specifically

called as kNN graph as proposed by Kang [26]. Otherwise, the edges of any graph can be
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(a) Path graph. (b) Ring graph. (c) Bipartite graph.

(d) Complete graph. (e) Grid 2D graph. (f) Minnesota graph.

Figure 3.2: Different graph types.

constructed by connecting a point to points closer than some measure. This measure is

mostly related to the distances between two vertices which is dependent on the type of

the applications. Following the previous examples, the other knowledge of data can be

used here to create the structure. For Twitter example, whether two users are following

each other or not can be represented by edges, while for the brain neuron example, the

edges can represent the axon between two neurons.

3. Associate a Weight to Each Edge Gaussian kernel weighting function can be used to

choose the edge weights as stated by Shekkizhar et al’s article [31]. Given kNN graph is

used, the function can be defined as follows

wi , j =

exp(− [di st (i , j )]2

2θ2 ), if di st (i , j ) ≤ k

0, o.w.
(3.1)

where θ denotes the standard deviation and k is threshold value for edge creation. The

first parameter relates to how the edge weight deviates with respect to distance metrics.

Edge weight is inversely proportional to the distances between vertices as it makes sense

to have a strong relation for two vertices that are close to each other. The threshold

parameter enables the sparse graph weight adjacency matrix, which can be useful for

efficient computational purposes. This aspect will be discussed later.

Some examples of the graph construction methods can be seen in Figure 3.3. In Figure 3.3a,

the graph construction for the Konigsberg bridge problem is illustrated. It’s the problem that
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is solved by Leonhard Euler [32] in 1736. The problem was an old puzzle concerning the

possibility of finding a path over every one of seven bridges that span a forked river flowing

past an island but without crossing any bridge twice. Euler presented the solution that these

types of walks are not possible by creating this unweighted graph as follows: the vertices are

used to show the landmasses and the edges are used to show the bridges. Figure 3.3b shows

the construction of the weighted graph from geographical locations for modeling the sensed

measures like the temperature of the cities. Here, the vertices are the cities of Switzerland and

the edges are created by Gaussian weight function in Equation 3.1 and distance can be defined

as the geographical distance.

Images are also suitable to be modeled by graph data according to the article [33] of Cheung et

al and this construction is visible in Figure 3.3c. Here, the vertices are the pixels of the image

and the edges are valid for the horizontal, vertical and diagonal neighbors of each pixels. The

weights are chosen with the Gaussian method as well and the distance can be chosen as the

norm square of the difference of the pixel intensities. Images are type of manifolds that are

globally Euclidean. Therefore, this construction can be useful for the problem presented in

Section 2.1. More generic graph construction of the manifold that is only Euclidean locally

is illustrated in Figure 3.3d. Here, the vertices are chosen as the points on the 2D manifold,

that is the surface of 3D geometric object. The edges are chosen by kNN algorithm and edge

weights are determined by the Gaussian method. This example is the one that is studied in the

thesis. Also, in Section 2.2.4, Figure 2.6 shows another graphs generated by the same principle.

3.2 Graph Signals

To model the signals on the irregular graph data domain, the graph signals are required to be

defined. Given a graph G = {V ,E }, the graph signals can be defined by proposing two necessary

spaces for such signals, which are built on the vertex space V and the edge space E .

Space of Real Signals on Vertex Space:

Generic real functions on vertex space can be defined as f : V →R. Such signals are called as

graph signals. As inspired by the article [19] of Bronstein et al, Hilbert space of such signals

can be defined as H (V ) = { f : V →R}. Since |V | = N , H (V ) ∼= RN . Based on this definition of

Hilbert space, inner product and norm should be defined.

Inner product of H (V ) can be defined as:

< f , g >H (V )=
∑
i∈V

fi gi , ∀ f , g ∈H (V ) (3.2)

ℓp -norm of H (V ) can be defined as

|| f ||p =


(∑

i∈V | fi |p
)1/p , 1 ≤ p <∞

maxi∈V | fi |, p →∞
(3.3)
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(a) Graph construction for Konigsberg bridge problem.

(b) Graph construction for Swiss map for weather forecast.

(c) Grid 2D graph construction from 2D image.

(d) Graph construction for Stanford bunny manifold.

Figure 3.3: Different graph construction examples.

It must be noted that ℓ2-norm is induced by the inner product.
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Space of Real Signals on Edge Space:

Generic real functions on edge space can be defined as F : E → R. Such signals are called

as graph edge signals. As inspired by the article [19] of Bronstein et al, Hilbert space of such

signals can be defined as H (V ) = { f : E →R}. Since |E | = Ne , H (E ) ∼= RNe .

Inner product of H (E ) can be defined as:

< F,G >H (E )=
∑

(i , j )∈E

Fi j Gi j , ∀F,G ∈H (E ) (3.4)

ℓp -norm of H (E ) can be defined as:

||F ||p =


(∑

(i , j )∈E |Fi j |p
)1/p , 1 ≤ p <∞

max(i , j )∈E |Fi , j |, p →∞
(3.5)

Similarly to the vertex space, ℓ2-norm of H (E ) is induced by the inner product. It should

be noted that no edge weight information is used in Equations 3.2, 3.3, 3.4, 3.5. There are

alternative definitions for inner products and norms of such Hilbert spaces as defined in the

article [19] of Bronstein et al where edge weights are included. The main motivation could

be to add the intrinsic structure of the model when measuring the distances from the inner

products and norms. However, in this thesis, the main motivation of ignoring the edge weight

effect here is to follow the Euclidean distances for graph signals, which makes the definition of

the signal processing operators in the following sections simpler and more appropriate. In

contrast to the article [19] of Bronstein et al, the effect of the intrinsic structure is added in the

definition of graph difference operators, which will be seen in the following sections.

(a) Swiss map with temperatures mea-
sured for each cities.

(b) Projected temperature
signal on 1D regular signal.

(c) Temperature Swiss map graph
signal.

Figure 3.4: Visualization of temperature signals of Swiss cities for classical and graph signal
processing.

Examples of Graph Signals

In Figure 3.4, temperature signal for Swiss cities is given as an example of graph signal. In
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Figure 3.4b, the signal is finite-length discrete-time signal that is suitable for classical signal

processing. However, the map information is lost by this projection, which may result in

lack of information very similarly to the tangent plane projection method that ignores the

manifold’s structure in Section 2.2.4. To include this information, the graph is constructed as

shown in Figure 3.3b and the resulted graph signal is seen in Figure 3.4c.

(a) Image grid 2d graph signal with close-up as well. (b) Bunny graph signal.

Figure 3.5: Image grid 2d graph signal and Bunny graph signal examples.

Two examples of graph signals on manifolds are given in Figure 3.5. Graph construction for

image is given in Figure 3.3c and the graph signal version of it is seen in Figure 3.5a. For the

Stanford bunny manifold, the graph construction is given Figure 3.3d and an example bunny

graph signal is seen in Figure 3.5b.

3.3 Calculus for Graph Signals

3.3.1 Graph Differential Operators

Differential operators are generalization of the operation of differentiation in calculus. These

operators can be extended to irregular domains such as graphs, which can be useful for some

purposes such as defining the spectral domain of graph signals, applying spectral techniques

or measuring some sort of smoothness value. The effect of the intrinsic structure of the graph

is added by the edge weight inclusion and this is compatible with the definition of Hilbert

spaces. In this section, the definition of four main differential operator are given and validated

by showing the main characteristics of these operators in classical calculus.

Graph Gradient

As proposed by Shuman et al’s article [34], graph gradient∇ : H (V ) →H (E ) is a linear operator

that can be defined as

(∇ f )i j =
√

wi j ( fi − f j ) (3.6)
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In fact, this kind of gradient operator is called as Jacobian operator as well. It should be

noted that for an undirected graph, the output of this operator is anti-symmetric, i.e. (∇ f )i j =

−(∇ f ) j i .

Graph Divergence

Graph divergence div : H (E ) →H (V ) is a linear operator that can be defined as

(divF )i =
∑
j∈V

√
wi j (Fi j −F j i ) (3.7)

For anti-symmetric graph edge signals, i.e. Fi j = −F j i , like the output of the graph gradient,

the graph divergence in Equation 3.7 results in (divF )i =
∑

j∈V 2
p

wi j Fi j .

From the proof in Appendix A.1, the graph divergence is adjoint operator of the graph gradient

for the validation of these definitions:

<∇ f ,G >H (E )=< f ,divG >H (V ) (3.8)

Graph Laplacian

Graph Laplacian operator is a significant operator that captures the geometry of the manifold

and it serves as basis for the Fourier transform and graph convolution. As proposed by Shuman

et al’s article [34], graph Laplacian L : H (V ) →H (V ) is a linear operator that can be defined

as the graph divergence of the graph gradient, L = div∇:

(L f )i = (div(∇ f ))i =
∑
j∈V

wi j ( fi − f j ) (3.9)

As graph Laplacian is a linear operator, the operation 3.9 can be represented by matrix vector

multiplication, in which the Laplacian matrix L can be defined as

L = D−W (3.10)

Here, W is weight adjacency matrix that is defined in Section 3.1 and D is the degree matrix,

which is a diagonal matrix whose i th diagonal element is di =
∑

j∈V wi j . The analysis of this

Laplacian matrix L offers a potential definition of spectrum domain, which will be studied in

Section 3.4.

From the adjointness relation of the graph gradient and graph divergence, it can easily be seen

that graph Laplacian is self-adjoint operator.

The graph Laplacian in formula 3.9 is described as combinatorial, which is only one type of
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generalised graph Laplacian operators. According to definition given by Biyikoğlu et al [35], a

generalized Laplacian is any symmetric matrix whose i , j th entry is negative if there is an edge

between connected vertices vi , v j , equal to 0 if vi ̸= v j and vi is not connected to v j . Another

type of generalised graph Laplacian is normalized graph Laplacian and its matrix L̃, which can

be defined as

L̃ = D−1/2LD−1/2 = I−D−1/2WD−1/2 (3.11)

This is also equivalent to the following definition

(L̃ f )i =
1√
di

∑
j∈V

wi j

 fi√
di

− f j√
d j

 (3.12)

Theoretical comparison of combinatorial and normalized graph Laplacian is studied in Sec-

tion 3.4 as the main difference of these operators occur in the eigenvectors and eigenvalues

of the matrices. From Burago’s article [36], the combinatorial graph Laplacian is a graph

discretization of Laplace-Beltrami operator, which allows us to perform spectral method of

signal processing on manifolds via graphs. Therefore, in this thesis, the combinatorial graph

Laplacian is chosen to be the standard graph Laplacian for the rest of the sections.

Graph Hessian

Graph Hessian H : H (V ) →RN×N×N is a linear operator that can be defined as

(H f )i j k =
wi j

2
( fi − f j )+ wi k

2
( fi − fk ) (3.13)

This operation is the graph discretized version of second order differential Hessian operator

described in classical calculus. From the proof in Appendix A.2, graph Hessian is the trace of

graph Laplacian. This is a validation of the definition of graph Hessian.

All in all, the graph differential operators are defined and validated by the natural properties

in the classical calculus. On top of that, graph smoothness functions are proposed for the rest

of this section.

3.3.2 Graph Signal Smoothness

Measuring the graph signal smoothness is a critical objective for linear inverse problems

on manifolds in particular for the regularization term. For this purpose, a few graph signal

measurements are listed from the studies of Shuman et al [34].
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Local Variation

Obtaining the local information could be useful for many applications as the smoothness of

the graph signals may differ from some regions of the manifold to another. Graph gradient is a

convenient approximation of difference operation, thus the local information can be obtained

by taking the norm of the graph gradient outputs through the neighbors of the specific vertex.

Therefore, as proposed in the Shuman et al’s article [34], the local variation of a graph signal f

at vertex vi can be defined as

||∇i f ||2 = ||(∇ f )i .||2 =

( ∑
j :(i , j )∈E

(∇ f )2
i j

) 1
2

=

( ∑
j :(i , j )∈E

(wi j ( fi − f j ))2

) 1
2

(3.14)

Global Variation

Global smoothness value is needed as well, and it can generated from the local variation.

For that purpose, discrete p-Dirichlet form of graph signal f can be useful for providing the

generalised global smoothness measurement as stated by Shuman et al in their article [34].

Sp ( f ) =
1

p

∑
i∈V

||∇i f ||p2 =
1

p

∑
i∈V

( ∑
j∈V

wi j ( fi − f j )2

)p/2

(3.15)

• p = 1: Total variation of the graph signal

S1( f ) =
∑
i∈V

||∇i f ||2 (3.16)

• p = 2: Graph Laplacian quadratic form

S2( f ) =
∑

(i , j )∈E

wi j ( fi − f j )2 = fT Lf (3.17)

We can also define the semi-norm: ||f||L = ||L1/2f||2 =
p

fT Lf =
√

S2( f ). An important ob-

servation is that this value is nonnegative and inversely proportional to the smoothness

of the graph signal. This value takes the minimum value, 0, when the graph signal is

constant, i.e. it’s maximally smooth.

Example - Smoothness Comparison:

In Figure 3.6, three different graph structures can be observed with the same signal values

and vertices. The only differences are due to the edges. For the graph signals, the smoothness

is affected by the intrinsic structure of the graph. From Table 3.1, the expected smoothness

measurements are obtained that the least value is obtained for the smoothest graph.
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(a) Smoother graph. (b) Moderate smooth graph. (c) Less smooth graph.

Figure 3.6: Graphs with the same signal values and vertices with different edges.

Table 3.1: Graph smoothness comparison table.

Graph Type S1( f ) fT Lf

Fig. 3.6a 1.04 0.16
Fig. 3.6b 2.30 1.28
Fig. 3.6c 2.59 1.65

3.4 Graph Spectral Theory

In this section, the spectral domain for the graph signals are defined based on the graph

differential operators defined in Section 3.3.1, similar to that in classical signal processing in

classical calculus. The similarity of the definitions can be seen in the derivation in classical

signal processing presented in Appendix B.2. The eigen-decomposition of the graph Laplacian

operator is critical for defining the graph spectral basis of the graph signals.

3.4.1 Eigen-Decomposition of Graph Laplacian

From the definition of combinatorial graph Laplacian in 3.9, the matrix of graph Laplacian L

in 3.10 can be investigated. First of all, this matrix is positive semi-definite from the fact that

fT Lf ≥ 0, ∀ f ∈H (V ) ≈RN as stated in [37].

Being the positive semi-definite, the matrix L can be decomposed as follows

L =

 | ... |
u0 ... uN−1

| ... |



λ0 0

. . .

0 λN−1



− u0 −
...

...
...

− uN−1 −

 = UΛUT (3.18)

In 3.18, {ul }N−1
i =0 and {λl }N−1

i =0 are eigenvectors and eigenvalues of the matrix L, i.e. Lul =λl ul .

Without loss of generality, the eigenvalues can be sorted as 0 = λ0 ≤ ... ≤ λN−1 = λmax and

eigenvectors are sorted according to the eigenvalues as well.

Very important observation is that eigenvalues have the notion of frequency. As the eigenvalues

decrease, the associated eigenvectors vary more slowly across the graph, i.e. if two vertices are
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connected by an edge with a large weight, the values of the eigenvector at those locations are

likely to be similar. This phenomena can be seen in the Figure 3.7 where the eigenvectors for

different eigenvalues are seen. Zero-crossing is also defined to measure another smoothness:

ZG ( f ) = {e = (i , j ) ∈ E : fi f j < 0}. In the results, it can be seen that the larger eigenvalue we

have, the more rapidly the eigenvector changes. In fact, for eigenvalue of 0, the corresponded

eigenvector is a constant vector, u0 = 1p
N

as seen also in Figure 3.7a. Also, the zero-crossing

versus eigenvalues in Figure 3.7e validates the expected behavior of frequency.

For the normalized graph Laplacian, the matrix is still positive semi-definite. Thus, the eigen-

decomposition can be applied for this matrix as well. As a result, different eigenvectors

and eigenvalues are obtained. The main difference is the range of the eigenvalues. The

maximum eigenvalue is fixed and equal to 2, thus the range is λi ∈ [0,2]. One difference is

that eigenvector corresponded to zero eigenvalue is not constant. However, besides these

differences there is not a major difference with the use of combinatorial and normalized

(CITE SMT) one. Therefore, since it’s more simpler and takes less time to compute which will

be mostly discussed in Section 4, the combinatorial graph Laplacian is used for rest of the

sections.

(a) u0. (b) u1. (c) u2.

(d) u50. (e) Zero-crossing values of eigenvectors ver-
sus corresponded eigenvalues.

Figure 3.7: Eigenvectors of the combinatorial graph Laplacian corresponded to eigenvalues
λ0, λ1, λ2 and λ50 and zero crossing values for different number of eigenvalues.

For graph representing the discretized version of a continuous manifold, the eigenvectors and

eigenvalues provide insights into the geometry of the underling manifold. Eigenvectors relate

to the components of the graph at which it resonates. On the other hand, eigenvalues give the
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information about the intrinsic properties of the manifold like smoothness or curvature.

3.4.2 Graph Fourier Transform

As stated by Chung [38], the eigenvectors of graph Laplacian form an orthogonal basis for

graph spectral domain. Similarly to steps to define the continuous time Fourier transform

(CTFT) shown in Appendix B.2.2, the Fourier transform for graph signals can be defined as

follows

f̂ (λl ) =< f ,ul >=
N∑

i =1
fi ul (i ) (3.19)

This can be interpreted as the projection of the graph signal into the orthogonal Fourier basis.

This helps to inspect the signal in graph spectral domain. Set of eigenvalues of graph Laplacian

{λl } is called as spectrum, which is the range of the graph spectral domain.

One observation about Fourier transform is that for zero eigenvalue the graph spectrum is the

DC component of the graph signal: f̂ (0) =
∑N

i =1 fi u0(i ) = 1p
N

∑N
i =1 fi .

Another property that can be observed is that if the impulse function in vertex domain is

defined, then its graph Fourier transform would be the eigenfunction:

δk (i ) =

1, if i = k

0, o.w.
↔ δ̂k (λl ) = ul (k) (3.20)

Similarly to classical signal processing shown in Appendix B.2.2, the inverse graph Fourier

transform can be defined as

fi =
N−1∑
l =0

f̂ (λl )ul (i ) (3.21)

Matrix vector multiplication forms of the formulas 3.19 and 3.21 are f̂ = UT f and f = Uf̂.

Any graph signal can be either represented in graph vertex domain or graph spectral domain.

Such signals are called as kernels in general as stated in the article [34] of Shuman et al. If the

one would like to design low-pass, high-pass or band-pass filter characteristic, the kernel can

be designed in graph spectral domain and then the inverse graph Fourier transform formula

in 3.21 can be applied to obtain the kernel in space domain as proposed by Shuman et al [34].

An Example - Heat Kernel: The heat kernel in graph spectral domain is the exponential filter

with rate τ, which is as follows

f̂ (λl ) = e−τλl (3.22)

This kernel is the solution of the diffusion problem which is discussed in Appendix C.1 and it
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has low-pass filter characteristic. From Figure 3.8b, this characteristic can easily be seen in the

graph spectral domain. By using the inverse graph Fourier transform, the one can obtain the

kernel in vertex domain as well. Figure 3.8c and 3.8a shows that the one with larger diffusion

rate results in smoother signal as the cutoff value in the low-pass is much lower.

(a) Heat kernels of τ = 1 and τ = 20 in
graph spectral domain.

(b) Heat kernel with τ = 1 in ver-
tex domain.

(c) Heat kernel with τ = 20 in ver-
tex domain.

Figure 3.8: Graphs of heat kernels for rates τ = 1 and τ = 20 in graph spectral and vertex domain.

There are also another graph kernels for different purposes as well. The one that has low-

pass filter characteristic which would solve Tikhonov problem is presented in Appendix C.2.

Another graph kernel can be defined by having an idealized high pass filter spectrum. This

kernel can be used for edge detection in graph signals, where the examples can be seen in C.3.

3.5 Generalized Operators for Graph Signals

Fundamental operations of signals like convolution, filtering, shifting, dilation and modulation

in classical signal processing offer a variety of methods that can be used for the processing of

the signals. Therefore, to use this method for the inverse problem for manifolds in the graph

setting, these operations need to be generalized to the graph signals.

3.5.1 Convolution

As given by Oppenheim [39], the convolution in classical signal processing for discrete-time

signals is defined as:

( f ∗h)n =
N−1∑
k=0

fk hn−k (3.23)

In Fourier domain, the convolution results in the multiplication operator:

à( f ∗h)k = f̂k .ĥk (3.24)

The shifting of the graph signal, hn−k is not easy to do so. This is because of the irregular
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shape of the data domain. There is not one consistent direction for shifting operation as

in discrete-time signals, where the data is defined on a regular path graph, which has only

one direction for the shift. Therefore as proposed by Shuman et al [34], we can define the

convolution of graph signals as the multiplication in graph spectral domain:

à( f ∗h)(λl ) = f̂ (λl ).ĥ(λl ) (3.25)

Taking the inverse graph Fourier transform, the convolution operator becomes as follows:

( f ∗h)i =
N−1∑
l =0

f̂ (λl )ĥ(λl )ul (i ) (3.26)

3.5.2 Filtering

In classical signal processing, the filtering of the linear inverse system are equivalent to the

convolution operator. In Fourier domain, it’s equivalent to multiplication operator. For the

graph setting, the filtering can be defined as the graph convolution operator. This type of

filtering design can be called as spectral filtering. Let us denote the kernel as g and ĝ in vertex

and graph spectral domain, respectively. From Equation 3.26, the spectral filtering becomes

as follows

y = U


ĝ (λ0) 0

. . .

0 ĝ (λN−1)


︸ ︷︷ ︸

ĝ (Λ)

UT f = ĝ (L)f (3.27)

It should be noted that this definition of filtering results in non-localized operation in vertex

domain as stated by Defferrard et al’s article [40]. In order to extract local information, the one

can also define the filtering in vertex domain for filters that are assumed to be polynomial

linear operator with the order of K as proposed by Defferrard et al [40]. In this type of filters,

the kernel is represented as

ĝ (λl ) =
K∑

k=0
θkλ

k
l =⇒ ĝ (L) =

K∑
k=0

θk Lk (3.28)
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Then, the filtering becomes as follows

yi =
N−1∑
l =0

f̂ (λl )ĥ(λl )ul (i )

=
N∑

j =1

N−1∑
l =0

f ( j )u∗
l ( j )

K∑
k=0

θkλ
k
l ul (i )

=
N∑

j =1
f ( j )

K∑
k=0

θk (Lk )i j

(3.29)

Here, (Lk )i j is nonzero if and only if there exists a path from vertex vi to vertex v j with length

k. Thus, given dG (i , j ) is the geodesic distance, i.e. the shortest path length from vertex vi to

vertex v j , we have the following lemma:

dG (i , j ) > k =⇒ (L k )i j = 0 (3.30)

From the Lemma 3.30, the filtering formula results in the following formula:

yi =
∑

j∈N (i ,K )∪{i }
bi j fi n( j ) (3.31)

where bi j =
∑K

k=dG (i , j )θk (Lk )i j and N (i ,K ) is the neighborhood of vertex vi with path length

less than k. This equation 3.31 shows that the graph filtering is K -localized transform with the

coefficients bi j . This property can be very useful for graph machine learning applications, in

particular for graph convolution network, where the filterbanks consists of different polyno-

mial filters and these extract the local features from the input, which is the main objective to

interfere useful information.

3.5.3 Shifting

From Oppenheim [39], shifting in classical signal processing for continuous-time signals is

defined as

(Tk f )(t ) = f (t −k) (3.32)

It can be also seen as the convolution with the filter δ(t − k). In Fourier domain, it’s the

multiplication with eigenfunction corresponding to eigenvalue, i.e. the frequency 2πk:

�(Tl f )k = f̂ (w).e j kw (3.33)

The shifting operation for graph signals is not easy to do so because of the irregular structure

of the data domain as explained before. With the use of spectral equivalence, the one can

generalize it as the graph convolution with impulse signal as proposed by Shuman et al [34].

(Tk f )i =
p

N ( f ∗δk )i (3.34)
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where the impulse graph signal is defined as

δk (i )

1, if i = k

0, o.w.
(3.35)

In graph spectral domain, the impulse graph signal is δ̂k (λl ) = ul (k). Then, the shifting

operator can be written as

(Tk f )i =
p

N
N−1∑
l =0

f̂ (λl )ul (k)ul (i ) (3.36)

p
N term makes the conversation of the mean of the graph signals:

∑
i∈V (Tk f )i =

∑
i∈V fi and

its proof is given in Appendix A.4.

3.5.4 Modulation

From Oppenheim [39], modulation in classical signal processing for continuous-time signals

is defined as:

(Mw0 f )(t ) = e j w0t f (t ) (3.37)

where in Fourier domain, it becomes

á(Mw0 f )(w) = f̂ (w −w0) (3.38)

It can be also seen as the convolution with δ(w −w0), i.e. shifting operation in Fourier domain.

As proposed by Shuman et al [34], the way to generalize the modulation to the graph setting is

to define it as the multiplication with eigenfunction in vertex domain:

(Mk f )i =
p

N fi uk (i ) (3.39)

It should be noted that this generalized modulation is not a translation in the graph spectral

domain due to the irregular nature of the spectrum.

3.5.5 Dilation

Dilation in classical signal processing for continuous-time signals is defined as

(Ds f )(t ) =
1

s
f (

1

s
) (3.40)

where in Fourier domain, it becomes

�(Ds f )(w) = f̂ (sw) (3.41)

34



Theory of Graph Signal Processing Chapter 3

Dilation operation cannot be directly generalized to the graph setting. Scaling in graph spectral

domain can be used to generalize this operation:

�(Ds f )(λl ) = f̂ (sλl ) (3.42)

It should be noted that the generalized dilation requires the kernel ‘ f̂ (.) to be defined on the

entire line, not just on [0,λmax ].

3.6 Integration of GSP Methods to Inverse Problems on Manifolds

After discussing the theoretical aspects of graph signal processing (GSP), the integration of

the described methods to the problems presented in Section 2.2.4 need to be done. The

main proposal of this thesis is to use graph signal modeling to manifolds and solve the linear

inverse problems by graph signal processing techniques. In this section, this is done only in a

theoretical way.

Defining the graph difference and convolution operators, we can update the problem given in

Figure 2.2. Let us first define the graph obtained by triangular meshing of continuous manifold

as G and the graph signal as f ∈H (V ) ∼= RN . Then, the model presented in Equation 2.5 can

be reformulated as follows

Y = GG f +n (3.43)

where GG = ĝ (L) is the graph convolution operator as defined in Equation 3.27. In addition,

the graph gradient denoted as ∇ is chosen as a difference operator for graph signals as given in

Equation 3.6. Then, the problem given in Equation 2.2 can be reformulated for graph signals,

where are two examples are listed.

Generalised LASSO Problem for Graph Signals:

The problem presented in Equation 2.8 can be directly updated to graph signals with the use of

graph convolution operator GG , graph gradient operator ∇. As a result, the problem becomes

as follows

arg min
f∈RN∼=H (V )

||y−Gf||22 +λ||∇f||1 (3.44)

Here, ℓ1-norm in regularisation term is the one defined for graph edge signals in Equation 3.5.

Tiknonov Problem for Graph Signals:

The problem presented in Equation 2.9 can be similarly updated to graph signals as well.

Here, the smoothness functional to be used is Graph Laplacian quadratic form S2( f ) given in
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Equation 3.17. As a result, the problem becomes as follows

arg min
f∈RN∼=H (V )

||y−Gf||22 +λS2(f) (3.45)

These problems can be solved by Primal Dual Splitting algorithm presented in Section 2.1

Algorithm 2. The computational aspects of the operators defined in this chapter are needed

to be analysed in detail so that the implementation of such solution could be possible. In

the next chapter, this issue is handled by proposing the development of a Python package

Pycsou-GSP with computational analysis of graph signal processing methods.
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nal Processing

Graph signal processing methods provide powerful solutions for various applications including

the linear inverse imaging problem on manifolds as proposed in Section 2.2.4. In Section 3.6,

the integration of such methods are formulated and the requirements of the implementation of

graph differential and convolution operators are emphasized. To address real-world problems,

there are many numerical challenges in the implementation of the graph signal processing

methods. This chapter firstly discusses these challenges. Then, the computational analysis

and the most efficient implementations of graph differential and convolution operators are

selected. The choices are verified by numerical experiments. Finally, the development of

a new Python package called Pycsou-GSP, designed as an extension of Pycsou, which is a

software framework for advanced computational imaging [41], for graph signal processing

is described. Here, the selected implementations and advanced features are presented with

some examples of using the package.

4.1 Challenges of Implementing GSP Methods

For the implementation of the graph signal processing methods in the computer environment,

the speed, memory/storage and correctness of the algorithms should be considered carefully.

The framework is designed in Python environment which mostly uses Numpy package for

the arrays [42]. However, Cupy for GPU usage and Dask.array can also be used for arrays [43],

[44]. To implement the linear inverse problems on manifolds with graph signal processing

methods, the numerical challenges of GSP methods in such environment should be discussed

and solved for providing efficient and correct solutions. These challenges are listed below.

• Graphs can be very large in real-world problems. In particular, the number of vertices

denoted as N could be large for many applications. This also results in very large

matrices of RN×N like weight adjacency matrix, Laplacian and differential matrices.

Therefore, the dense representation of such matrices could be very inefficient for usage

of memory.
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• In practice, the number of edges of the graph denoted as Ne is much less than the

square of number of vertices: Ne << N 2. This results in sparse weight adjacency matrix.

Therefore, the graphs can be encoded by any sparse matrix format as proposed by

Scott et al [45]. However, the conversion and the optimal choice of the sparse formats

also differ for different usages of this matrix. At least, we can say that the coordinate

list format of sparse matrix can be used for storage as it’s the most natural way to

create the matrix. It can be defined either in SciPy.sparse as coo_matrix [46] or sparse

package as COO and in case of the usage of GPU, and Cupy, this matrix can be created

by Cupyx.sparse package as coo_matrix.

• Python is an interpreted language, which is slower than any other compiled languages.

This is because the source code of Python program is converted into bytecode, which is

then translated to machine code for the execution as explained in [47]. This operation

is done for each run of Python program. Therefore, even the sparse matrix multipli-

cation could be slow. Numba package offers the translation of Python functions to

the optimized machine codes at runtime using the LLVM compiled library as stated

in [48]. This operation is called as Jit (just-in time) compilation and the jit-compiled

numerical algorithms can approach the speeds of compiled languages such as C as

stated in [48]. However, the vectorized or matrix form solutions are not optimal for

Numba jit compilation. Instead, simple matrix free solutions are favored [48]. This

should also be applied to graph differential operators.

• Graph edge signals could be problematic to be stored as they could be very large in case

they are stored as dense 2D arrays. For example, the output of graph gradient would be

very large for huge N .

• To solve the optimization problem in the linear inverse problems for manifolds formu-

lated in Section 3.6, the packages having proximal algorithms efficiently implemented

could be used. For this purpose, a Python package called Pycsou with version 2 [41]

is chosen to be used as it offers various functions for APGD and PDS algorithms with

different types as well. In order to implement novel operators or algorithms in Pycsou,

they should be created as a subclass of one of the abstract classes in Pycsou’s class

hierarchy as stated in [41]. For example, Pycsou.abc.LinOp could be used for graph

differential operators.

• Using Pycsou would also create a few set of rules as presented in [41]. First of all, the

operators should handle the case where the input array is a 1-D or N-D array. Another

rule to be followed is to enforce the precision agnosticity. The numerical precision of the

inputs and outputs of the operators should be kept constant with the use of decorator

in Pycsou named as Pycsou.runtime.enforce_precision.

• The module agnosticity is another rule of Pycsou, where the inputs and outputs of any

operator should be of the same array module as stated in [41]. The array modules can

be either Numpy [42], Dask.array or Cupy. Here, Cupy is supported in case of GPU usage,
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which might accelarate the computation time [43], while Dask.array handles large arrays

by cutting up into many small arrays, which allows the computation of arrays larger

than memory using all cores [44]. This can outperform the other packages in terms of

speed. Therefore, this aspect should also be considered.

4.2 Proposed Implementations in GSP Methods

In this section, the computational aspects of graph differential and convolution operators

are investigated and the optimal solutions for each operator in computer environment are

chosen.

4.2.1 General Strategy

As explained in the previous section, the matrix-free solutions are desired to be proposed

for operators such that Numba jit-compilation can be used for faster implementations. The

verification of the solutions for graph differential operators are done by numerical experiments,

where this solution is compared with alternative sparse matrix solutions. There is a Python

package called Pygsp, that implements the operators without considering Pycsou environment

and implementing the functions by sparse matrix vector multiplication mostly as it can be

seen in [49]. Thus, the matrix-free jit-compiled solutions are compared with this technique.

First of all, the optimal choice of Numba [48] parameters are done by experimentation. Just one

of the graph differential operators are used for this and the fastest combination of parameters

are chosen for Numba jit-compilation of rest of the methods. Here, the first run of Numba

function is not included because of just analyzing the compiled version. Then, numerical

experiments for comparing all of the others are done for each operators. These experiements

are executed for four different types of graph, which are Ring, Grid 2D, Comet and SwissRoll

graphs, which have different sparsities. Grid 2D here could be more reliable as they have

similar structure to the graphs obtained by triangular meshing of manifolds. The performance

time is measured for different number of nodes for different methods. Here, the creation of

matrices and first call of the functions and Numba jit-compiled functions are not included

for the time measurements. This is because the iterative solution is the most part of the time

consumption and the preprocessing part is not trying to be optimized. In addition, the first

call of Numba funcitons is performing the Jit-compilation, which takes longer, and that is

why it is not used in benchmarking. At the end, the fastest method in this experimentation is

chosen to be used for the implementation.

Especially, for matrix-free solution, even sparse matrix format should be simplified to directly

obtain the necessary arrays as inputs to function for Numba jit-compilation. A new format

called row, column, data (RCD) format is to be proposed. This is applied to the graph weight

adjacency matrix W and as an output, (wr ow, wcol , wd at a) is obtained. Here, wr ow repre-

sents the row index array of nonzero elements, while wcol is the counterpart for the columns.
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The corresponding data is stored in wd at a. As a result, all of these three arrays have Ne the

number of elements in case the graph is undirected. This operation is depicted in Figure 4.1.

Figure 4.1: An example of RCD format.

Graph edge signals are in space congruent to RNe as stated by Bronstein et al [19], thus they

can be encoded by 1D array with Ne elements. To identify the elements with edges, the order

of this array should be the same as the order of RCD format of W . For this reason, this RCD

format should be stored inside the graph data.

In addition, the matrix-free solution strategy is used for implementation of graph convolution

operators as Laplacian matrix could be very large. Eigen-decomposition of such matrix could

be very expensive and matrix vector multiplication could cost a lot as indicated by Defferrard

et al [40]. Therefore, some form of approximation method is trying to be proposed for this

operator. The approximation method is also tested by comparing the function in real number

with different number of orders.

4.2.2 Graph Differential Operators

In this part, graph gradient, divergence and Laplacian with combinatorial and normalized

operators are trying to be implemented efficiently.

Graph Gradient

Graph gradient is defined in Section 3.3.1 by Equation 3.6. Here, the output is indexed by two

indices which denote the edges but we can look at these indices where each of them uniquely

denoted by another index k. Then, three methods are proposed for implementation of this

operator.

• Sparse Dot Solution: This method is the one that is given in the package of Pygsp [49].

Here, the differential matrix D is computed for once and stored as “csc sparse“ matrix.

This type is more efficient for sparse dot operation [46]. Then, an input signal is given

to the transpose of differential matrix DT . For the experimentation, the creation of

differential matrix is not included. The implementation of this method can be seen as

follows

1 import pygsp
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2 # G: Graph class , f: input array
3 G.compute_differential_operator ()
4 # G.D is computed , with csc_matrix
5 y = G.D.T.dot(f) # === G.grad(f)

Listing 4.1: Codes for implementation of sparse dot solution of graph gradient.

• Vectorized Solution in RCD Format: From the basic relation, this operation can be

solved by vectorized operation as follows

1 # f: input array
2 # wrow , wcol , wdata: RCD format of G.W
3 y = (wdata **0.5) * (f[wrow] - f[wcol])

Listing 4.2: Codes for implementation of vectorized solution in RCD format of graph gradient.

• Jit Compiled Matrix-Free Solution: Using RCD format, the matrix-free solution without

vectorization can be implemented as follows

1 import numba as nb
2 @nb.njit(fastmath=True , parallel=False , nogil=True , cache=False)
3 def compute_grad(f, wrow , wcol , wdata , res):
4 for i in range(len(wrow)):
5 res[i] = (wdata[i]**0.5) * (f[wrow[i]] - f[wcol[i]])
6

7 # f: input array , res: zero array with same shape as output
8 # wrow , wcol , wdata: RCD format of G.W
9 y = compute_grad(f, wrow , wcol , wdata , res)

Listing 4.3: Codes for implementation of Numba jit-compiled matrix-free solution of graph

gradient.

The experimentation for choices of Numba arguments are done firstly. Table 4.1 shows differ-

ent choices of arguments for each type. Figure 4.2 demonstrates that the optimal combination

in terms of speed is Type 7, where its description can be seen in Table 4.1. Here, the details of

the arguments in optimal solution can be seen in [48].

Table 4.1: Different choices of Numba arguments, which are nopython, parallel, fastmath,
nogil and cache.

Type No. nopython parallel fastmath nogil cache

1 False False False False False
2 True False False False False
3 False True False False False
4 False False True False False
5 False False False True False
6 False False False False True
7 True False True True False
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Figure 4.2: Performance time comparison of different Numba arguments for matrix-free jit-
compiled solution of graph gradient.

In Figure 4.3, the performance time comparison of three methods are given as described

before. From the results, it can be seen that the fastest solution is the matrix-free jit-compiled

solution. Therefore, this method is used for the implementation.

(a) Ring graph. (b) Grid 2D graph.

(c) Comet graph. (d) SwissRoll graph.

Figure 4.3: Performance time comparison of Numba jit-compiled gradient with sparse dot
implementation for four different graph types.

42



Computational Aspects of Graph Signal Processing Chapter 4

Graph Divergence

Graph divergence is defined in Section 3.3.1 by Equation 3.7. Here, the input is indexed by

two indices and this is represented by 1D array similarly to the output of graph gradient. Two

methods are proposed for implementation of this operator.

• Sparse Dot Solution: This method is the one that is given in the package of Pygsp [49].

Similarly to graph gradient, the differential matrix D is computed and stored. Then, an

input signal is given to the differential matrix D. The implementation of this method

can be seen as follows

1 import pygsp
2 # G: Graph class , f: input array
3 G.compute_differential_operator ()
4 # G.D is computed , with csc_matrix
5 y = G.D.dot(f) # === G.div(f)

Listing 4.4: Codes for implementation of sparse dot solution of graph gradient.

• Jit Compiled Matrix-Free Solution: Using RCD format, the matrix-free solution can be

implemented as follows

1 import numba as nb
2 @nb.njit(fastmath=True , parallel=False , nogil=True , cache=False)
3 def compute_div(f, wrow , wcol , wdata , res):
4 for i in range(len(wrow)):
5 res[wrow[i]] += (wdata[i]**0.5) * f[i]
6 res[wcol[i]] -= (wdata[i]**0.5) * f[i]
7

8 # f: input array , res: zero array with same shape as output
9 # wrow , wcol , wdata: RCD format of G.W

10 y = compute_div(f, wrow , wcol , wdata , res)

Listing 4.5: Codes for implementation of Numba jit-compiled matrix-free solution of graph

divergence.

In Figure 4.4, the performance time comparison of two methods are given as described before.

From the results, the fastest solution is the matrix-free jit-compiled solution again, which is

therefore used for the implementation.

Graph Laplacian

Graph Laplacian operators of combinatorial and normalized are defined in Section 3.3.1 by

Equation 3.9 and 3.12. Two methods are proposed for implementation of this operator.

• Sparse Dot Solution: This method is the one that is given in the package of Pygsp [49].

Here, the Laplacian matrix L is computed for once by using Equation 3.10 and 3.11

and stored as “csc sparse“ matrix. Then, an input signal is given to this matrix. For the
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(a) Ring graph. (b) Grid 2D graph.

(c) Comet graph. (d) SwissRoll graph.

Figure 4.4: Performance time comparison of Numba jit-compiled divergence with sparse dot
implementation for four different graph types.

experimentation, the creation of Laplacian matrix is not included. The implementation

of this method can be seen as follows

1 import pygsp
2 # G: Graph class , lap_type: Laplacian type , f: input array
3 G.compute_laplacian(lap_type=lap_type)
4 # G.L is computed , with csc_matrix
5 y = G.L.dot(f)

Listing 4.6: Codes for implementation of sparse dot solution of graph Laplacian for types

combinatorial or normalized according to input data “lap_type“.

• Jit Compiled Matrix-Free Solution: Using RCD format, the matrix-free solution can be

implemented as follows

1 import numba as nb
2 @nb.njit(fastmath=True , parallel=False , nogil=True , cache=False)
3 def compute_lap(f, wrow , wcol , wdata , asqrt , res):
4 for i in range(len(wrow)):
5 res[wrow[i]] += wdata[i] * (f[wrow[i]]/ asqrt[wrow[i]] - f[wcol[i]]/

asqrt[wcol[i]]/ asqrt[wrow[i]])
6

7 # lap_type: either "combinatorial" or "normalized"
8 # xp: python module interpreted from input array f
9 if lap_type == "combinatorial":

10 asqrt = xp.ones(G.N, dtype=wdata.dtype)
11 elif lap_type == "normalized":
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12 asqrt = xp.sqrt(xp.squeeze(xp.asarray(G.W.sum(0))))
13

14 # f: input array , res: zero array with same shape as output
15 # wrow , wcol , wdata: RCD format of G.W
16 y = compute_lap(f, wrow , wcol , wdata , res)

Listing 4.7: Codes for implementation of Numba jit-compiled matrix-free solution of graph

Laplacian for types combinatorial or normalized according to input data “lap_type“.

In Figure 4.5, the performance time comparison of two methods are given for combinatorial

and normalized Laplacian types but for two types of graph, which are Ring and Grid 2D. From

the results, the fastest solution is the matrix-free jit-compiled solution again, which is therefore

used for the implementation.

(a) Ring graph for combinatorial. (b) Grid 2D graph for combinatorial.

(c) Ring graph for normalized. (d) Grid 2D graph for normalized.

Figure 4.5: Performance time comparison of Numba jit-compiled Laplacian of combinatorial
and normalized with sparse dot implementation for two different graph types.

4.2.3 Graph Filtering Operators

In Section 3.5.2, graph filtering operator defined as spectral filtering is formulated by Equation

3.27. Given that the number of vertices of the graph is N , the computational complexity of

the operation is O(N 2) as stated by Defferrard et al’s article [40], and it requires the storage of

N ×N dense matrix for ĝ (L). In real-world problems, this might create memory overload and

computationally expensive implementation. To decrease this computational cost, the filtering
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operator ĝ (L) is designed to be implemented without creating any matrix. For this purpose,

the polynomial filter approximation is applied to the kernel as proposed by Shuman et al’s

article [50]. This idea is also motivated by the localized transform property of polynomial filter

operators as explained in Section 3.5.2.

ĝ (λl ) ≈
K∑

k=0
θkλ

k
l (4.1)

Here, the spectrum of the filter is approximated by K -order polynomial operator. As proposed

by Shuman et al’s article [50], Chebyshev polynomials Tk : [−1,1] → [−1,1] can be used for

efficient implementation because of the recursive relation by its definition

Tk (x) =


1, k = 0

x, k = 1

2xTk−1(x)−Tk−2(x), k ≥ 2

(4.2)

These polynomials form an orthogonal basis for L 2([−1,1],d x/
p

1−x2) as stated by Shuman

et al’s article [50]. Thus, the representation of functions in this space is given as follows:

ĝ (x) =
1

2
c0 +

∞∑
k=1

ck Tk (x) (4.3)

where {ck }k=0,1,2,... is a sequence of Chebyshev coefficients.

In graph filtering, the input range is [0,λmax ]. Shifting and scaling can be applied to Chebyshev

polynomials to approximate the kernel ĝ (λl ) via the transformation: λmax
2 (x +1) as presented

by Defferrard et al’s article [40]. Then, the kernel can be represented as follows:

ĝ (x) =
1

2
c0 +

∞∑
k=1

ck T k (x), ∀x ∈ [0,λmax ] (4.4)

where T k (x) = Tk (x/α−1), α = λmax
2 and

ck =
2

π

∫ π

0
cos(kθ)ĝ (α(cosθ+1))dθ (4.5)

Then, as indicated in Shuman et al’s article [50], the recurrence relation of the scaled Chebyshev

polynomials becomes

T k (x) =


1 k = 0

x/α−1 k = 1
2
α (x −α)T k−1(x)−T k−2(x) k ≥ 2

(4.6)

Here, this is not the approximation but the representation of the kernel in another basis.

However, since there is an infinite sum, the finite order can be chosen as K , which makes
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it an approximation. In computer environment, this is done by sampling of the operators.

The Chebyshev coefficients can be computed from the input kernel spectrum defined for the

continuous variable as described in Equation 4.5. Regularly spaced sampling is applied here

for the computation.

This is done for the kernel spectrum defined for the continuous input variable. For example,

for the implementation of heat kernel, the input can be a Python function, which means

that it can take any value as an input. Figure 4.6 shows that when the input is defined for

continuous domain, error energy converges to zero as the number of order increases. However,

the performed time also increases; therefore, the order should be chosen neither very large

nor very low. K = 20 is chosen as a standard value.

(a) Chebyshev approximation of heat kernel
spectrum ĝ (λl ) = e−λl for order m = 3,5,7.

(b) Error energy and computational time
versus order of chebyshev approximation.

Figure 4.6: Chebyshev approximation of heat kernel spectrum ĝ (λl ) = e−λl with performance
analysis for different orders.

However, the input can also be valid for discrete input value, only by the sampled points

of the kernel spectrum on the eigenvalues λl =0,1,...,N−1. These eigenvalues are not regularly

spaced as stated in [38]. In this framework, the input cannot be a Python function for this

approximation but 1D array with N elements. The same techniques are applied but the

discretization is projected to regularly spaced values for continuous value solution. In Figure

4.7, the approximation can be seen. As the order increases, the approximation gets better until

some value. For very large number of order, the deformation occurs as seen in 4.7c. This is

because of the lack of continuous domain. Therefore, overfitting problem occurs for such

cases. For this type of inputs, the standard choice of order is chosen to be K = 6.

As presented in Shuman et al’s article [50], the approximation can be extended for graph

filtering operation by taking input Laplacian matrix L ∈RN×N , which results in the following

formula

g (L) ≈ 1

2
c0I+

K∑
k=1

ck T k (L) (4.7)
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(a) Chebyshev approximation for
order m = 3.

(b) Chebyshev approximation for
order m = 5.

(c) Chebyshev approximation for
order m = 7.

Figure 4.7: Chebyshev approximation of discrete sampled heat kernel spectrum ĝ (λl ) = e−λl

for order m = 3,5,7.

where

T k (L) =



I k = 0

L/α− I k = 1
2
α (L−αI)T k−1(L)−T k−2(L)

k ≥ 2

(4.8)

Then, this formula is applied for the arbitrary graph signals. As a result, from the recurrence

relation, the computational cost of the implementation becomes O(K N ), which is much

less than O(N 2) for very large number of N . The output of this technique is compared by

implementing the exact formula and it is verified that it gives correct results.

4.3 Development of Pycsou-GSP

As discussed in Section 4.1, Pycsou framework has many useful features for solving the op-

timization problems [41]. In this thesis, an extension of Pycsou version 2 for graph signal

processing is decided to be developed. This new package is called as Pycsou-GSP, where the

source code can be found here [51] and the main advantage of this package is the efficient

usage of graph signal processing methods with built-in proximal algorithms in Pycsou [41].

It also has the module and precision agnosticity to the input signal which makes it flexible

and robust. The developed structure, few examples of codes and useful properties of the

developed Pycsou-GSP are explained in this section.

4.3.1 Overall Structure

Overall structure of Pycsou-GSP can be seen in Figure 4.8. There are three main modules

of Pycsou-GSP: Core, Operator and Util. In Core, there is a Graph module where the base
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Figure 4.8: Structure of Pycsou-GSP.

class of Graph is implemented. Here, the features of the graph are deeply inspired by the

Pygsp.graphs.Graph class [49]. Main differences of Graph base class of Pycsou-GSP is that

it doesn’t store the huge matrices like Laplacian and differential matrices even in case they

are desired to be computed. They also don’t have so many attributes like grad, div, com-

pute_differential_operator, compute_fourier_basis and compute_laplacian that exist in Pygsp

[49]. Similarly, the graph constructor requires the weight adjacency matrix as an input. This

matrix is stored in “coo“ sparse matrix format, but the RCD conversion is also applied. The

motivation to store the RCD format is to be able to directly decode the graph edge signal like

the 1D array output of gradient operator. The sample example of creation of graphs can be

seen in the following.

1 from pycgsp.graph import Graph
2 import numpy as np
3

4 N = 30
5 W = np.random.uniform(size=(N,N))
6 W[W < 0.95] = 0 # Sparse graph
7 W = W + W.T # Undirected graph = symmetric matrix
8 np.fill_diagonal(W, 0) # no self -loop
9 G = Graph(W) # <- Pycgsp Graph creation from dense matrix W

Listing 4.8: Sample codes for the creation of Pycsou-GSP graph object.

Plot module provides two functions: myGraphPlot and myGraphPlotSignal. The former is for

the plot of graph object while the latter showes the signal values on vertices to visualize the

graph signals. This plot function is deeply inspired by the plot functions of Pygsp [49], while

there are differences where Pycsou-GSP plots have features like adding vertex names, showing

the edge values, setting the axis off, updating the title etc.

Util module provides utility functions that can be used for miscellaneous functionalities. One

is for the RCD format conversion: canonical_repr. This particular function is applied inside the

graph differential operators and constructor of graph class. The simple usage of this function

can be seen in the following code.
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1 from pycgsp.util import pycgspu
2

3 # G: created graph object , G.W: weight matrix
4 wrow , wcol , wdata = pycgspu.canonical_repr(G.W)

Listing 4.9: Sample codes for conversion to RCD format.

Another utility functions are related to the chebyshev approximation, which will be explained

in the next subsection. Here, compute_cheby_coeff is to obtain the chebyshev coefficients

while compute_cheby_polynomial is to convert the chebyshev coefficients to monomial

polynomial coefficient. The details will be explained in the next section. Both of these

functions are used inside the GraphConvolution function.

One of the core module of Pycsou-GSP is Operator as it provides the implementation of

graph differential, graph convolution operators by the modules of Linop.Diff and Linop.Conv

respectively. Operator also has the module of Func.Smoothness, where the simple Graph

smoothness measurements defined in Section 3.3.2 are implemented. However, matrix-free

Numba jit-compiled solutions are chosen for graph differential operators in Section 4.2.2 and

efficient Chebyshev approximation solution for graph convolution is formulated in Section

4.2.3

4.3.2 Integration of Differential and Convolution Methods

One of the most important aspects of the integration is that the base class of the operator must

be Pycsou.abc.LinOp such that they can be used as inputs to proximal algorithms in Pycsou.

However, creating a new subclass of these operators, module and precision agnosticity and

the implementation of apply and adjoint operators are compulsory [41].

For graph differential operators, matrix-free Numba jit-compiled functions are to be called

inside the apply operator of the generated class. The example of the integration of graph

gradient to Pycsou environment can be seen in the following code.

1 import pycsou.abc as pyca
2 import pycsou.util as pycu
3

4 # compute_grad is defined as in Listing 4.3
5 # compute_div is defined as in Listing 4.5
6

7 class GraphGradient(pyca.LinOp)
8 def __init__(self , W: typ.Union[pyct.NDArray , pyct.SparseArray ]):
9 self._wrow , self._wcol , self._wdata = pycgspu.canonical_repr(W)

10

11 self._N = W.shape [0]
12 self._Ne = len(self._wdata)
13 super ().__init__(shape =(self._Ne , self._N))
14

15 @pycrt.enforce_precision(i="arr")
16 def apply(self , arr: pyct.NDArray) -> pyct.NDArray:
17 return compute_grad(arr , self._wdata , self._wrow , self._wcol)
18

19 @pycrt.enforce_precision(i="arr")
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20 def adjoint(self , arr: pyct.NDArray) -> pyct.NDArray:
21 # Adjoint of Graph Gradient is Graph Divergence
22 xp = pycu.get_array_module(arr)
23 res = xp.zeros(self._N, dtype=self._wdata.dtype)
24 return compute_div(arr , self._wdata , self._wrow , self._wcol , res)

Listing 4.10: Example code for integration of matrix-free jit-compiled solutions to

GraphGradient as Pycsou.abc.LinOp.

Here the implementations of GraphDivergence and GraphLaplacian is also similar, where the

base class of GraphLaplacian can be chosen as Pycsou.abc.SelfAdjointOp from its self-adjoint

property. Then, only implementation of the apply operator is adequate [41].

For graph convolution method, the chosen approach is very different. Because of the locality

property of the polynomial linear operator, the class for this type of operator is defined, called

as PolyLinOp. The implementation of this function is as follows.

1 import pycsou.abc as pyca
2 import pycsou.util.ptype as pyct
3

4 # LinOp is typically Graph Laplacian operator whose subclass is Pycsou.abc.LinOp
5

6 class _PolyLinOp(pyca.LinOp):
7 def __init__(self , LinOp: pyca.LinOp , coeffs: pyct.NDArray):
8

9 self._LinOp = LinOp
10 self._coeffs = coeffs
11 self._N = len(coeffs)
12 super(_PolyLinOp , self).__init__(shape=LinOp.shape)
13

14 @pycrt.enforce_precision(i="arr")
15 def apply(self , arr: pyct.NDArray) -> pyct.NDArray:
16 y = self._coeffs [0] * arr
17 z = arr
18 for i in range(1, self._N):
19 z = self._LinOp(z) # Recursive update to decrease the

computational cost
20 y += self._coeffs[i] * z
21 return y
22

23

24 @pycrt.enforce_precision(i="arr")
25 def adjoint(self , arr: pyct.NDArray) -> pyct.NDArray:
26 z = arr
27 y = self._coeffs [0] * arr
28 for i in range(1, self._N):
29 z = self._LinOp.adjoint(z) # Recursive update to decrease the

computational cost
30 y += self._coeffs[i] * z
31 return y

Listing 4.11: Example code for conversion to RCD format.

The implementation of this function is very simple and efficient because of the recursive

update for the power of graph Laplacian as Pycsou.abc.LinOp. However, this operator requires

the inputs as monomial polynomial coefficients which are {θk } as given in Equation 4.1.
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GraphConvolution is a function to be implemented with two types of methods that it ac-

cepts. The first one is the “polylinop“, which directly expects the monomial polynomial

coefficient and graph Laplacian as inputs. The other method is called as “chebyshev“, which

Figure 4.9: Block diagram of the algorithm presented in GraphConvolution operator with
method of chebyshev.

expects a Python function that describes the kernel spectrum ĝ (λl ) as given in Equation

3.27. In Section 4.2.3, an algorithm to solve the graph filtering output is proposed by firstly

computing the Chebyshev coefficients and then applying the chebyshev polynomial oper-

ators by using the recursive relation. Instead, the simpler approach is proposed. The al-

gorithm is depicted in Figure 4.9. Firstly, the Chebyshev coefficients are computed by the

function Pycgsp.util.compute_cheby_coeff. Here, Also, the maximum eigenvalue should

also be computed for the scaling of the chebyshev polynomials. This can be computed by

the “lipschitz“ method of Pycsou.abc.LinOp with argument of tight as “bound“ [41]. Then,

these coefficients are converted to monomial basis coefficients with the use of function Py-

cgsp.util.compute_cheby_polynomial. Then, PolyLinOp object is created inside the function

and this object is returned to be used as a Pycsou.abc.LinOp operator.

4.3.3 Features, Usages, Limitations and Future Works

Features

The prominent features of Pycsou-GSP can be listed as below.

• The operators are module and precision agnostic, which means the the arraymodules

sparse arraymodules and precisions of inputs, outputs and backend implementation

are being constant.

• Pycsou-GSP provides fast computational speed and low memory overload.

• Differential and convolution operators are defined as Pycsou.abc.LinOp, which is suit-

able for proximal algorithms in Pycsou.
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Usages and Verifications

Example usages of graph differential and convolution operators developed in Pycsou-GSP are

given in the following code. Also, the testing of the solution is done by comparing with Pygsp

solution.

1 import pygsp
2 from pycgsp.core.graph import Graph
3 import pycgsp.operator.linop.diff as pycgspd
4 import pycgsp.operator.linop.conv as pycgspc
5

6 G = pygsp.graphs.Minnesota ()
7 pycgsp_G = Graph(W=G.W)
8

9 f = np.random.randn(pycgsp_G.N) # input array
10 g = lambda x: np.exp(-x) # heat kernel function
11

12 G.compute_differential_operator ()
13 y1 = G.grad(f)
14 GGrad = pycgspd.GraphGradient(W = pycgsp_G.W)
15 y2 = GGrad(f)
16 print("Passed GraphGradient Test? ->", np.allclose(y1, y2))
17

18 y1 = G.div(f)
19 GDiv = pycgspd.GraphDivergence(W = pycgsp_G.W)
20 y2 = GDiv(f)
21 print("Passed GraphDivergence Test? ->", np.allclose(y1 , y2))
22

23 G.compute_laplacian ()
24 y1 = G.L.dot(f)
25 GLap = pycgspd.GraphLaplacian(W = pycgsp_G.W)
26 y2 = GLap(f)
27 print("Passed GraphLaplacian Test? ->", np.allclose(y1, y2))
28

29 filt = pygsp.filter.Filter(G=G)
30 y1 = filt.filter(f)
31 GConv = pycgspc.GraphConvolution(L = GLap)
32 y2 = GConv(f)
33 print("Passed GraphConvolution Test? ->", np.allclose(y1, y2))

Listing 4.12: Sample code for usages of Pysou-GSP differential and convolution operators with

testing by comparison with Pygsp solution as well.

Output of this code is as follows.

1 Passed GraphGradient Test -> True
2 Passed GraphDivergence Test -> True
3 Passed GraphLaplacian Test -> True
4 Passed GraphConvolution Test -> True

Listing 4.13: Output of the code in Listing 4.12.

As a result, all the outputs are correct. They can be used for real-world applications as well, as

it is done in the next section.
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Limitations and Future Works

• Graph base class developed in Pycsou-GSP is very basic graph class. This could be more

sophisticated including some features of graph signal processing.

• Computation of Fourier basis matrices, which can be obtained by eigen-decomposition

of the Laplacian matrix. This operation is computationally expensive and there are

functions for both dense and sparse matrices particularly in Scipy and Cupyx.scipy

packages. A careful implementation of this eigen-decomposition could be applied by

considering the module agnosticity of the Pycsou framework.

• Graph Hessian is not implemented even though it is described in Section 3.3.1 by

Equation 3.13. The output of Graph Hessian is in the space of three dimension, which

results in very large matrices with RN×N×N . The efficient coding of this matrix should

be studied as a future work.

• All of the methods described and implemented in this thesis and package Pycsou-GSP

are compatible for undirected graphs. However, there are also directed graphs, which

requires broader perspective on the techniques. This is left as a future work.
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In this chapter, an application of linear inverse problem on manifolds are studied in the field

of astronomy. The selected application seeks to recreate the input celestial signals from the

output measured data. First of all, the problem definition of this application is presented by

fitting the formulation presented in Section 2.2.4 and 3.6. Also, 2D manifold for spherical

surface is described for the celestial signals. Then, suitable graph construction method for

such manifolds are described both theoretically and computationally. The implementation

of the two proposed methods, which are tangent plane projection method and graph-based

method, are tested with synthetic celestial signal created for the application. The results are

compared and discussed. Finally, graph-based solution is chosen to be tested for real-world

signal as it provides more robust solution. The discussion and the conclusion of this result are

presented in the end of this chapter.

5.1 Problem Definition

The selected application in astronomy aims to reconstruct celestial signals from sensor data

gathered by optical telescopes on the surface of the Earth. The recorded data is a convolution

of the celestial objects in the sky with the point spread function (PSF) of the telescope. The

focus is on resolving the inverse problem of deconvolving the observed data in order to restore

the original astronomical signal because this procedure creates blurring and distortion. Here,

we can use the same symbols as in Section 2.1 Equation 2.3 to designate the recorded sensor

data as y, the original celestial signal as f , and PSF function as H operator.

The output data is obtained from an abstract sphere that has a large radius and has the same

center concentric to Earth’s center. It is called as celestial sphere as given by Kaler in his book

[52], and this is a useful construct for describing locations of objects in the sky. The celestial

objects can be conceived as being projected upon the inner surface of this sphere, which is

observed from the measurements on Earth’s surface as presented by Smith [53]. The structure

of celestial sphere can be seen in Figure 5.1.
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Figure 5.1: Celestial and Earth spheres.

In this application, the manifold is the 2D surface of celestial sphere. The output and input

signals are defined on this manifold. Discretization of the problem is compulsory and the

main proposed solution of this thesis can be applied, which is the extrinsic modeling of this

manifold by graphs as explained in Section 2.2.4. A graph construction method should be

proposed for this type of spherical surface manifold. In the next section, this method is

explained in detail.

After creating the graph signal, the solution of inverse problems for graph signals should be

obtained by following the formulation presented in Section 3.6. By using Pycsou [41] and the

developed package Pycsou-GSP [51] explained in Section 4.3, graph-based optimization for

generalized LASSO given in 3.44 can be solved computationally. The details will be explained

in the next sections.

The implementation of the proposed graph-based solution is desired to be compared with the

traditional method of tangent plane projection. For this purpose, a synthetic data is proposed

to have a clear output for the comparison. The proposed synthetic data is obtained by adding

of the random circles to the sky inside the field of the view of 20 degrees from the sphere

center. The orthographic and gnomonic view of such synthetic signal can be seen in Figure

5.2. Here, gnomonic view looks visually better as the data is inside a small part of the sphere.

The projection to 2D Euclidean space is achieved with the use of direction cosine grids. The

details of the implementation of this projection will be presented in the following sections.

Pycsou is directy to be used for the solution of discrete signal in Euclidean space. Generalised

LASSO problem formulated in Section 2.2.4 Equation 2.8 can be applied with the proximal

algorithm of PDS as proposed in Section 2.2.4 Algorithm 2. At the end, the estimated signal is

interpolated to spherical surface again, which results in additional noise as well.

Before experimentation, the output signal is prepared in computer environment for tests.

A point spread function (PSF) is chosen and applied by graph convolution for the graph

solution and classical convolution. After estimating the input signals for both of the proposed
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Figure 5.2: Orthographic front view and gnomonic view with (0,90) degree rotation of synthetic
signal on celestial manifold.

solutions, the comparison is done by analyzing the estimated signals at gnomonic view. Extra

measurements like minimum square error are also provided for the detailed comparison. As a

result, better solution is expected for the proposed graph-based solution.

Because of having more robust solution for inverse problem on manifold, The implementation

of the solution of inverse problems for graph signals should be tested with real-world input

signals as well. For that purpose, the data is chosen to be Hydrogen-alpha ions intensity

over the warm ionized sky measured by the Wisconsin H-Alpha Mapper (WHAM) telescope,

where the details of the data can be found in [54]. The orthographic view of this signal on the

described manifold can be seen in Figure 5.3.

Figure 5.3: Orthographic view from front and back of Hydrogen-alpha ions intensity signal on
celestial manifold measured by Wisconsin H-Alpha Mapper (WHAM) telescope.

All in all, two proposed methods are updated for inverse problems of celestial signals, which

are the signals defined on celestial sphere. The complete proposed methods can be seen in
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Figure 5.4. All the experimentation is applied by following this framework.

Figure 5.4: Block diagram of graph-based and tangent plane projection solutions for the
application of inverse problems on celestial manifold signals.

5.2 HEALPix Graph Construction

Manifold for celestial signal represents the 2D surface of the celestial sphere. To discretize

this manifold, HEALPix graph construction method is proposed which can be divided into

two subsystem as illustrated in Figure 5.5. Firstly, as stated by Gorski et al [55], HEALPix

pixelisation is applied for obtaining the vertices of the graph and then kNN algorithm is

utilized for the creation of graph edges. Here, k is chosen as 8, which is not too small to model

the manifold’s geometry and not too large to have computationally expensive and memory

inefficient adjacency matrix W as stated by Kang [26].

Figure 5.5: Block diagram of HEALPix graph construction.

kNN algorithm is described in Section 2.2.4 and 3.1 with detailed analysis. As explained before,

it is a generic method for graph edge construction. However, HEALPix is proposed here for

selecting the nodes or point cloud properly. HEALPix stands for Hierarchical Equal Area
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isoLatitude Pixelation of a sphere. As implied by its name, this pixelation technique divides a

spherical surface into smaller regions where each pixel has an equal surface area as any other

pixel as indicated by Gorski et al [55]. The primary objectives in creating HEALPix were to

establish a mathematical framework that enables the effective discretization of functions on a

sphere at a high resolution and to simplify the rapid and precise statistical and astrophysical

analysis of vast full-sky data sets. Therefore, this technique can be useful for celestial signals.

HEALPix fulfills the above requirements by possessing the following fundamental properties:

• The sphere is tessellated into curvilinear quadrilaterals in a hierarchical manner [55].

Twelve base pixels make up the division with the lowest resolution, that is related to the

number of side Nside = 1. Resolution of the tessellation increases by division of each pixel

into four new ones and the number of side is the number of pixel for one side of twelve

base regions is denoted as Nside. Figure 5.6 illustrate the increase in the resolution from

left to right with Nside = 1,2,4,8. Here, total number of pixels can be calculated using

Npix = 12N 2
side.

(a) Nside = 1. (b) Nside = 2. (c) Nside = 4. (d) Nside = 8.

Figure 5.6: Orthographic view of the HEALPix pixelisation of the sphere for Nside = 1,2,4,8.

• At a certain resolution, all pixel areas are the same.

• The pixel centers occur on rings of constant latitude Thus, it provides iso-latitude map

projection [55].

All in all, this sampling technique’s main goal is the effective storage and processing of large

data sets for astronomical research. Also the method is beneficial in general when we want

to handle mathematical functions defined on spherical surface. Therefore, it’s conveniently

used in the solution of the problem as presented in Figure 5.4. As a result, the graph signal is

obtained for the graph-based solution.

5.3 Comparison of Methods on Synthetic Data

As illustrated in Figure 5.4, the constructed graph signal is given as an input to generalized

LASSO problem for graph signals formulated in Section 3.6 Equation 3.44. The solution of this
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problem requires graph convolution and graph gradient operators, which are implemented in

the developed package Pycsou-GSP, as explained in Section 4.3 in detail. Since these operators

are implemented as Pycsou operators, the whole system can be solved with the use of proximal

algorithms in Pycsou. On the other hand, tangent plane projection is applied with the use of

direction cosine grids as stated in [56]. However, this technique cannot be applied for entire

part of the sphere. Only a small part of the sphere is chosen for projection and used for the

comparison of two proposed techniques. For this purpose, a synthetic signal for celestial

sphere is produced as explained in Section 5.1. There are random circles for a very small

part in ground truth data, which can be seen in Figure 5.7a. Here, the zoomed out version is

illustrated with gnomonic projection for better visualization.

The described generated signals are chosen as a ground truth of the problem. In order to

generate noisy output signal, this ground truth signal is firstly filtered and a Gaussian noise

is added. For the filtering operation, heat kernel with diffusion rate τ = 5 is chosen where

the spectrum becomes ĝ (λl ) = e−5λl . This is a low-pass filter which models the blurring

effect of the acquisition system. Pycsou-GSP’s GraphConvolution is used and the operator

is stored as a Pycsou.abc.operator.LinOp class, which is suitable for the proximal solution.

To construct GraphConvolution, GraphLaplacian is also obtained as it’s used as an input to

GraphConvolution. Then, noise with zero mean and standard deviation of 0.0005 is added to

the graph convoluted signal. The obtained signal can be seen in Figure 5.7b.

After creating the noisy output signal, the graph-based solution is applied to estimate the

input ground-truth signal. Generalized LASSO problem is used as explained before. For the

implementation, Pycsou.opt.solver.PD30 is used which implements primal dual splitting

(PDS) algorithm [41]. This is suitable algorithm for generalized LASSO as explained in Section

2.1 and the details can be seen in Algorithm 2. For calling the proximal operator, both fitting

term and regularization term should be given as an input. Graph convolution operator defined

above is used for fitting terms. On the other hand, Pycsou-GSP’s GraphGradient is used for

regularization term. Also, the regularization constant λ in Equation 3.44 is tuned to be 0.1 by

experimentation. Lastly, for the reconstruction, the initial estimated signal is given as well and

it is chosen to be a randomized signal.

For the tangent plane method, the tangent plane projection with direction cosine grids [56] are

applied after the generation of noisy output signal as explained previously. As a result, the pro-

jected signal is a 2D image in Euclidean space. For the solution of inverse problem for tangent

plane projection method, generalised LASSO problem in Euclidean space formulated in Sec-

tion 2.1 Equation 2.8 is solved with the use of Pycsou operators. Again, Pycsou.opt.solver.PD30

is used for the algorithm of PDS. Convolution and gradient operator is direcly implemented

in Pycsou environment for fitting and regularization term, respectively. The reconstructed

signal is also a 2D image signal. Then, the interpolation to sphere is applied to this signal. As

a result, the estimated signal of this method can be seen in Figure 5.7c. On the other hand,

the estimated signal of the graph-based solution can be seen in Figure 5.7d. The complete

implementation of this test can be found in the link [57].
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(a) Ground truth synthetic signal. (b) Noisy output synthetic signal.

(c) Reconstructed synthetic signal from tangent
plane projection solution.

(d) Reconstructed synthetic signal from graph-
based solution.

Figure 5.7: Gnomonic views of ground truth, noisy output and reconstructed synthetic signals
for linear inverse problem on manifold solved by graph signal processing methods and tangent
plane projection, where output signal is resulted from graph convolution of ground truth with
heat kernel of rate τ = 5 with addition of Gaussian noise.

When the mean squared errors of estimated signals are computed for zoomed part of the

estimated signals, we observe 28.90% and 16.49 for tangent plane projection and graph-based

solutions, respectively. This result shows that the graph-based solution is more powerful in

terms of accuracy for solving inverse problems on manifolds. Additionally, there are obvious

difference between the visuals of estimated signals of two proposed methods. The one from
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the graph-based method is very close to the ground truth signal as observed from 5.7. However,

for the tangent plane projection solution, the deformations on the structure is obvious as

expected. This is because of the lack of modeling of the sphere structure. The tangent plane

projection method just ignores the manifold’s structure but represents the data in an intrinsic

point of view. However, HEALPix graph discretizes the sphere in an extrinsic perspective,

which models the structure more suitably. As a result, there is less deformation observed in

the estimated signal.

5.4 Implementation of Proposed Graph-Based Method on Real-World

Signal

As motivated by the robustness of solutions by graph signal processing methods compared to

tangent plane projection, the graph-based solution is tested on the real-world celestial signal.

As a ground truth signal, a real-world WHAM signal is chosen as the details are given in Section

5.1 and its orthographic view can be seen in Figure 5.3. This view is only the projection of

3D coordinate space for 2D visualisation, but it requires two maps for front and back part of

sphere. However, to show the data in one map, Mollweide view is chosen for the visualization

where the ground truth WHAM signal can be seen in Figure 5.8a.

For the testing, signals of ground truth noisy output should be prepared again. As a ground

truth signal, a real-world WHAM signal is chosen as the details are given in Section 5.1 and its

orthographic view can be seen in Figure 5.3. This view is only the projection of 3D coordinate

space for 2D visualisation, but it requires two maps for front and back part of sphere. However,

to show the data in one map, Mollweide view is chosen for the visualization where the ground

truth WHAM signal can be seen in Figure 5.8a.

To obtain noisy output signal, the similar technique with the convolution of heat kernel is

applied in the same way as the previous section. For one more testing on real-world data, one

more graph convolution operator is proposed with spherical pooling, which downgrades the

resolution of HEALPix pixelisation and this can be useful to model the limited resolution in

the acquisiton system. Pycsou-GSP’s GraphConvolution is not used for this, the operator is

directly implemented as a Pycsou.abc.operator.LinOp class where the functions of healpy,

which is a Python package to handle pixelated data on the sphere [58], are used inside apply

and adjoint methods. Noise addition is applied similarly and the resulted output can be seen

in Figure 5.9b.

The solution by proximal algorithms are exactly the same as explained in the previous section.

Reconstructed signals for tests with convolution of heat kernel and spherical pooling are

obtained. The one with heat kernel can be seen in Figure 5.8c, while the other one can be seen

in Figure 5.9c. The complete implementation of this test can be found in the link [59]. It is

obviuous to see the deconvolution effects particularly on the fields that we’re more interested

in with larger values on equatorial line. These parts are much closer to the one in ground truth
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signal when we compare it to the output signal. However, some artifacts on the parts of the

sphere with small values that we’re less interested in can also be seen. We cannot observe very

smooth solution for these parts. This is because of the effect of Gaussian noise in the output.

The reconstruction still adds the Gaussian noise effect particularly for these small values.

To conclude, this application in astronomy can be solved for a real-world WHAM signal

by the proposed graph-based method where a proximal algorithm is used with graph signal

processing methods. The power of this method compared to the traditional solution of tangent

plane projection is also shown in the previous section. Therefore, graph-based solution

proposed in this thesis offers a valid method for inverse problems on manifolds.
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(a) Ground truth WHAM signal.

(b) Noisy output WHAM signal

(c) Reconstructed WHAM signal

Figure 5.8: Mollweide views of ground truth, noisy output and reconstructed WHAM signals
for linear inverse problem on manifold solved by graph signal processing, where output signal
is resulted from heat kernel filtered input with addition of Gaussian noise.
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(a) Ground truth WHAM signal.

(b) Noisy output WHAM signal

(c) Reconstructed WHAM signal

Figure 5.9: Mollweide views of ground truth, noisy output and reconstructed WHAM signals
for linear inverse problem on manifold solved by graph signal processing, where output signal
is resulted from spherical downsampled input with addition of Gaussian noise.
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6 Conclusion

In this thesis, inverse imaging problems on manifolds were investigated. In order to carry

out this research, the existing models and solutions in the literature of inverse problems for

signals in the Euclidean domain were presented. The mathematical aspects of the solutions

of such problems in the Euclidean domain were discussed in detail. Then, in order to solve

this problem on manifolds defined in an irregular non-Euclidean domain, a mathematical

definition of manifolds was given. Then, the discretization of the manifold was shown to be

compulsory for proposing the solution of inverse problems. In order to do so, The intrinsic and

extrinsic properties of manifolds were pointed out and it is concluded that attention should

be paid to both for representing the manifold signals in a compact way. Intrinsic point of view

focuses on local structure of manifold because of looking at each point with its own tangent

space. On the other hand, the extrinsic point of view takes into account the global structure of

manifold, which is very important for modeling geometric objects. Two different methods of

discretization of manifolds were proposed putting different emphasis on these perspectives.

The first one is the traditional method, tangent space projection and it was expected to have

noisy output at the end because of the intrinsic perspective it has. The solution proposes the

projection into Euclidean space and the solving the rest of problem with Euclidean methods.

However, deformations in the global structure was unavoidable. The second proposed solution

was the one solved by graph signals. They offer extrinsic discretization of manifolds, but the

generalization of the inverse problems for graph signals required the elaborate analysis and

definitions in theory of graph signal processing.

Theory of graph signal processing has led to the development of many methods in graph

setting. First of all, a useful graph construction method was proposed for a generic manifold

with the choice of nodes by pixelisation and generation of edges by kN N algorithm. Then, the

valid mathematical definition of graph signals were presented with Hilbert spaces including

the inner product and norm definitions, where the edge weights were not included to provide

simple mathematical development similar to Eucldiean space. However, inclusion of edge

weights were done in graph differential operators like gradient, divergence and Laplacian

operators. In this thesis, graph Hessian is also proposed and all of the defined operators
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are validared by the natural relation between the operators in classical calculus. Then, the

definition of graph Laplacian offered the definition of spectral domain for graphs with the

use of eigen-decomposition of graph Laplacian matrix. This created another basis of the

graph signals, which gave graph Fourier transform operator from the eigenvector matrix of

graph Laplacian. This definition mad the generalization of many operators in classical signal

processing possible. These are convolution, shift, modulation, dilation and filtering. It was

shown that shift did not have any meaning in irregular graph domain, therefore, the spectrum

equivalent operations are applied. For convolution, multiplication in spectral domain is used

and spectral filtering definition was obtained. Similarly, other operators were generalized and

graph filtering was defined as graph convolution as well. Some examples of low-pass filtering

was given and validated by experiments. At the end of mathematical analysis on graph signals,

the integration of such signals to inverse problems were done by looking at generalised LASSO

problem. Graph differential and convolution operators were seen to be useful for this problem.

Therefore, the implementation aspects were decided to be done.

Computational analysis on graph signal processing was done for graph differential and convo-

lution operators. It was seen that matrix-free Numba just-in time (Jit) compilation methods

gave faster solution to sparse matrix multiplication implementation of operators. In order

to provide matrix-free solution, preprocessing to weight adjacency matrix was proposed by

the proposed RCD format and it was seen to work well. For graph filtering, the direct imple-

mentation of spectral filtering was shown to be very computationally expensive. Therefore,

Chebyshev approximation is applied for the kernel defined on the spectrum of continuous

domain. Discretized version of this approximation was also provided and shown to work with

overfitting problems. However, considering to have Python function as an input, the direct

Chebyshev approximation can be applied and shown to have computationally cheap and have

localized transform, which can be useful for extracting the local information. Based on these

solutions, a Python package called Pycsou-GSP was developed. It was designed as an extension

to Pycsou, which provides solutions for inverse problems with proximal algorithms. However,

this required the integration of the proposed methods into Pycsou classes and comply with

Pycsou framework like modulation, precision agnosticity. For graph filtering, the Chebyshev

coefficients were converted to monomial coefficients such that polynomial linear operator

were used for faster solutions.

The development of Pycsou-GSP enabled the implementation of the proposed methods

for solving inverse problems on manifolds. For this purpose, an application in the field of

astronomy where the signal in the model is defined on celestial sphere. Therefore, the manifold

represents the surface of the spherical structure. HEALPix pixelisation was proposed and

discussed to provide efficient and correct modeling of the structure of manifold. Then, kNN

algorithm was applied to obtain graph signals. For tangent plane projection, cosine grids are

applied for the projection into Euclidean space. Firstly, with the use of Pycsou and Pycsou-GSP

packages, the results of these two methods were obtained for synthetic data where random

circles are generated for limited part of the sphere and it’s shown that the graph-based solution

give better estimation both in terms of accuracy of the structure and the minimum square
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error. It is concluded that the graphs are suitable objects to model the continuous manifold in

an extrinsic point of view. The usage of graph signal processing methods made the solution of

inverse problems on manifolds more robust. Therefore, the implementation on real-world

signal was also tested. The Wisconsin H-Alpha Mapper (WHAM) signal was chosen for that

and two different modeling of acquisition system with heat kernel and spherical sampling

were tested. The results of both modeling showed the estimation of signals to be closer to

the ground truth signal. There were some artifacts observed for the low values of the signal,

however for the parts of signal that are more interesting, the estimation is obvious.

For the future works, the graph-based methods could be extended for more. First of all,

in this thesis the solution of inverse problems on manifolds were handled by generalized

LASSO problem. Other types of inverse problems like generalised Tikhonov can be given by

choosing the defining Bayesian approach on graph signals more elaborately. In this respect,

the probability theory for graph signal can be formulated in more detail. Additionally, The

comparison of the methods can also be done for more complicated manifolds. In this thesis,

the application is done on manifold that represents 2D spherical surface. Here, the graph

construction method is critical for having a good performance because of the need to represent

the structure adequately. Therefore, more elaborate solutions could be proposed for graph

construction methods as well. In addition, graph smoothness functions are defined for limited

types of signals, it can also be generalized for making it corresponded to different apriori

information. For graph filtering, there is a method called graph wavelet transform, which

provide better localized filtering, which can be used for better feature extraction in inverse

problems as well. Furthermore, in the development of Pycsou-GSP, not every operators and

methods in theory of GSP could be implemented. For example, the efficient implementation of

graph Fourier transform cannot be provided here and it is left as a future work. Also, different

smoothness functions can be defined with Pycsou classes as well to be directly used in Pycsou’s

proximal functions. Hessian operator is not implemented either and the efficient solution

could be proposed as well. In this thesis, the graphs that we deal with were only finite-weighted

undirected graphs. Even though for manifolds the undirected edges might not give meaningful

structure in most of the cases, we can also extend the methods for directed graphs as well. This

requires more elaborate analysis on graph theory but it would give very significant solutions

to different applications.
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A Appendix: Validation of Calculus for
Graph Signals

A.1 Proof of Adjointness of Graph Gradient and Graph Divergence

Graph divergence is adjoint operator of graph gradient.

Proof.

<∇ f ,G >H (E ) =
∑

(i , j )∈E

(∇ f )i j Gi j

=
∑

(i , j )∈E

√
wi j ( fi − f j )Gi j

=
∑

(i , j )∈E

√
wi j fi (Gi j −G j i )

=
∑
i∈V

fi
∑
j∈V

√
wi j (Gi j −G j i )

=
∑
i∈V

fi (divG)i =< f ,divG >H (V )

A.2 Proof of Graph Hessian Being the Trace of Graph Laplacian

Graph Hessian is the trace of graph Laplacian.

Proof.

tr(H f )i =
∑

j ,k∈V : j =k
(H f )i j k

=
∑

j ,k∈V : j =k

wi j

2
( fi − f j )+ wi k

2
( fi − fk )

=
∑
j∈V

wi j ( fi − f j ) = (L f )i
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A.3 Proof of Graph Laplacian Being Positive Semi-Definite

Graph Laplacian L is positive semi-definite.

Proof.

fT Lf =
∑

(i , j )∈E

wi j ( fi − f j )2 ≥ 0

A.4 Proof of Mean Conservation in Shift Operator

Mean of graph signal can be defined as follows

N−1∑
i =0

g (i ) =
p

N
N−1∑
i =0

g (i )
1p
N

=
p

N
N−1∑
i =0

g (i )u∗
0 (i )

where the eigenvector corresponding to eigenvalue λ0 = 0, u0(i ) = 1p
N

. This property can be

shown from the fact the solution of the equation Lu0 = 0.

This equation can also be written as:

N−1∑
i =0

g (i ) =
p

N ĝ (0)

Therefore, the conversion of the mean in shift operator for graph signal can be shown in the

following proof.

Proof.

N−1∑
i =0

(Tn g )(i ) =
p

N �(Tn g )(0)

=
p

N
p

N ĝ (0)u∗
0 (n)

= N
1p
N

ĝ (0)

=
p

N ĝ (0) =
N−1∑
i =0

g (i )

We can conclude that
p

N in shift operator constant enables the mean conservation.
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Processing

B.1 Differential Operators in Classical Calculus

Given that input signal for classical calculus x is a continuous time signal that is dependent

on {ti }N
i =1, while the one for the graph calculus f is a graph signal.

B.1.1 Gradient Operator

Gradient ∇ :R→RN is a linear operator that is defined as

(∇x) =
[

d x
d t1

... d x
d tN

]T
(B.1)

B.1.2 Divergence Operator

Divergence div :RN →R is a linear operator that is defined as

divX =
N∑

i =1

d Xi

d ti
(B.2)

B.1.3 Laplacian Operator

Laplacian L :R→R is a linear operator and it can be defined as the divergence of the gradient

operator using B.1 and B.2.

Lx = div∇x =
N∑

i =1

d 2x

d t 2
i

(B.3)
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B.2 Definition of the Spectrum

B.2.1 Eigen-Decomposition of Laplacian

Given that the signal is dependent only on one parameter, then the Laplacian in B.3 becomes

Lx = d 2x
d t 2 . Then, the complex exponential, e j w t is eigenvector of the Laplacian operator.

Le j w t =
d 2e j w t

d t 2 = −w2e j w t (B.4)

Here, w is proportional to the eigenvalue and it is called as the angular frequency. The

corresponded eigenvectors vary more rapidly as this angular frequency w increases. Then,

e j w t provides a basis for continuous-time signals.

B.2.2 Fourier Transform

Continuous time Fourier Transform (CTFT) can be defined as the projection of the continuous-

time signal into complex exponential basis, in other words inner product of the signal with

eigenvector of Laplacian operator.

X (w) =< x(t ),e j w t >=
∫

x(t )e− j w t d t (B.5)

This is the representation of the signal in different domain, which is called the frequency

domain. It’s also called as the spectrum of the signal. Similarly, the inverse CTFT is defined as

the synthesis operation with the complex exponential basis.

x(t ) =
∫

X (w)e j w t d w (B.6)
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C.1 Diffusion Problem

An example of a discrete diffusion operator is the heat diffusion operator denoted as R, which

can be defined as follows

R = e−τL (C.1)

where L is graph Laplacian operator and τ is the rate of diffusion. As stated by Shuman et al

[34], ehen the rates of flow are proportional to the edge weights encoded in, applying various

powers τ of the heat diffusion operator to a signal f depicts the flow of heat over the graph

intuitively. Given L = UΛUT , the operator results in as follows

R = e−τUΛUT

= Ue−τΛUT

In graph spectral domain, UT R = e−τΛUT , thus the kernel spectrum is ĝ (λl ) = e−τλl , which is

called as heat kernel. This is a low-pass filter that it’s more selective for larger values of λl as

seen from Figure C.1a. The diffusion of an impulsive signal on manifold and graph can be

seen in Figure C.1 and C.2. Also, the spectrums of the output in Figure C.2 show the low-pass

characteristic of the heat kernel.

C.2 Tikhonov Regularization

Tikhonov problem can be formulated for graph signals, while treating the graph signal as N

dimensional real vector and using quadratic smoothness function for regularization. As a

result, the formulation is as follows

argmin
f∈RN

||f−y||22 +λfT Lf (C.2)
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(a) Spectrum of heat kernel for rates τ =
1,3,5.

(b) Input manifold brain signal. (c) Output manifold brain signal
of heat kernel with rate τ = 1.

(d) Output manifold brain signal
of heat kernel with rate τ = 10.

Figure C.1: Heat kernel on manifolds with rate τ = 1,10.

(a) Input bunny graph signal. (b) Output bunny graph signal of
heat kernel with rate τ = 1.

(c) Output bunny graph signal of
heat kernel with rate τ = 10.

(d) Spectrum of input bunny
graph signal.

(e) Spectrum of output bunny
graph signal of heat kernel with
rate τ = 1.

(f) Spectrum of output bunny
graph signal of heat kernel with
rate τ = 10.

Figure C.2: Heat kernel on graph signals of rates τ = 1,10 with their spectrum.
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The first-order optimality conditions of the convex objective function show that the optimal

reconstruction is given by

f ⋆(i ) =
N−1∑
l =0

[
1

1+γλl

]
ŷ(λl )ul (i ) (C.3)

or, equivalently, f = ĥ(Ł)y, where ĥ(λ) = 1
1+γλ can be viewed as a low-pass filter.

Proof.

The objective function in the minimization problem is convex. Therefore, the problem can be

solved by the first-order optimality condition. Firstly, the derivative of the objective function

is taken and making equal to zero. Then the following equation is as follows

f−y+γLf = 0

Use the fact that L = UΛUT , then we have the following

γUΛUT f = y− f

Then, the graph Fourier transforms of both sides are taken, i.e. multiplied by UT

γΛUT f = ŷ− f̂

Then, this equation can be written in graph spectral domain

γΛf̂ = ŷ− f̂

f̂+γΛf̂ = ŷ

This can also be written as

f̂ (λl )+γλl f̂ (λl ) = ŷ(λl )

f̂ (λl ) =
1

1+γλl
ŷ(λl )

(C.4)

The graph filter as a solution to Tikhonov problem is characterized by the spectrum with the

following function

ĝ (λl ) =
1

1+γλl
(C.5)

where γ is the regularization constant, whose increase results in smoother solution. This

low-pass filtering characteristic can be seen in Figure C.3a.

Tikhonov problem solution by kernel can be tested for a graph signal given in Figure C.3b.

Gaussian noise is added to that signal, which results in Figure C.3c. The solution by the kernel
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with rate γ = 10 results in estimation of ground truth signal where detection of circle shape on

bunny signal is visible in C.3d.

(a) Spectrum of kernel for Tikhonov prob-
lem for rates γ = 1,3,5.

(b) Ground truth bunny signal. (c) Noisy bunny signal. (d) Solution bunny signal by ker-
nel for Tikhonov problem with
rate γ = 10.

Figure C.3: Tiknonov problem solution by kernel on bunny graph signal with rate γ = 10.

C.3 Edge Detection by Ideal High Pass Filter

Edge detection for graph signals can be possible by simply applying high pass filter on the

graph signal. The ideal high pass filter spectrum can be seen in Figure C.4a. Input signal has a

visible circle as seen in Figure C.4b and the edges can be detected from the presented high

pass filter as the output can be seen in Figure C.4c.
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(a) Spectrum of ideal high-pass filter.

(b) Input bunny graph signal. (c) High pass filtered bunny graph
signal.

Figure C.4: High pass filtering on bunny graph signal.
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